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Abstract. The tame flows are "nice" flows on "nice" spaces. The nice (tame) sets are the 
pfaffian sets introduced by Khovanski, and a flow <1> ; R x X X on pfaffian set X is tame 
if the graph of $ is a pfaffian subset of R x X x X. Any compact tame set admits plenty 
tame flows. We prove that the flow determined by the gradient of a generic real analytic 
function with respect to a generic real analytic metric is tame. The typical tame gradient flow 
satisfies the Morse-Smale condition, and we prove that in the tame context the Morse-Smale 
condition is equivalent to the fact that the stratification by unstable manifolds is Verdier 
and Whitney regular. We explain how to compute the Conley indices of isolated stationary 
points of tame fiows in terms of their unstable varieties, and then use this technology to 
produce a Morse theory on posets generalizing R. Forman's discrete Morse theory. Finally, 
we use the Harvey-Lawson finite volume fiow technique to produce a homotopy between the 
DeRham complex of a smooth manifold and the simplicial chain complex associated to a 
triangulation. 



Contents 

Introduction 1 

1. Tame spaces 4 

2. Basic properties and examples of tame flows l8 

3. Some global properties of tame flows 2C 

4. Tame Morse flows 25 

5. Tame Morse-Smale flows 36 

6. The gap between two vector subspaces 39 

7. The Whitney and Verdier regularity conditions 45 

8. Morse-Smale <^=^> Morse- Verdier 5C 

9. The Conley index 58 

10. Flips/flops and gradient like tame flows 67 

11. Simplicial flows 72 

12. Tame currents 8C 
Appendix A. An "elementary" proof of the generalized Stokes formula |97 
Appendix B. On the topology of tame sets 102 
References 104 



Introduction 

Loosely speaking, the tame sets (respectively tame flows) are sets (respectively continu- 
ous flows) which display very few pathologies. Technically speaking, they are sets or flows 
definable within a tame structure. 
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The subject of o-minimal or tame geometry is not as popular as it ought to be in geo- 
metric circles, although this situation is beginning to change. The tame geometry is a vast 
generalization of the more classical subject of real algebraic geometry. One such extension 
of real algebraic geometry was conceived and investigated by A. Khovanski in [23], and our 
tame sets are the precisely Khovanski's pfaffian sets. In particular, all the tame sets will be 
subsets of Euclidean spaces. 

If we think of a flow as generated by a system of ordinary differential equations then, 
roughly speaking, the tame flows correspond to first order ordinary differential equations 
which we can solve explicitly by quadratures, with one important caveat: the resulting final 
description of the solutions should not involve trigonometric functions because tame flows 
do not have periodic orbits. For example, a linear system of ordinary differential equations 
determines a tame flow if and only if the defining matrix has only real eigenvalues. 

Given that the tame sets display very few pathologies, they form a much more restrictive 
class of subsets of Euclidean spaces, and in particular, one might expect that the tame flows 
are not as plentiful. In the present paper we set up to convince the reader that there is a 
rather large supply of such flows, and that they are worth investigating due to their rich 
structure. 

The paper is structured around three major themes: examples of tame flows, properties of 
tame flows, and applications of tame flows. 

To produce examples of tame flows we describe several general classes of tame flows, and 
several general surgery like operations on tame flows which generate new flows out of some 
given ones. These operations have a simplicial flavor: we can cone a flow, we can produce 
join of two flows, or we can glue two flows along a common, closed invariant subset. 

The simplest example of tame flow is the trivial flow on a set consisting of single point. 
An iterated application of the cone operations produces canonical tame flows on any affine 
m-simplex, and then by gluing, on any triangulated tame set. Since any tame set can be 
triangulated, we conclude that there exist many tame flows on any tame set. 

Another class of tame flows, which cannot be obtained by the cone operation, consists of 
the gradient flows of "most" real analytic functions on a real analytic manifold equipped with 
a real analytic metric. 

More precisely, we prove that, for any real analytic / function on a real analytic manifold 
M, there exists a dense set of real analytic metrics g with the property that the flow generated 
by V^/ is tame. This is a rather nontrivial result, ultimately based on the Poincare-Siegel 
theorem concerning the canonical form of a vector field in a neighborhood of a stationary 
point. The Poincare-Siegel theorem plays the role of the more elementary Morse lemma. 

The usual techniques pioneered by Smale show that a tame gradient flow can be slightly 
modified to a gradient like tame flow satisfying the Morse-Smale regularity conditions. 

We investigate the stratification of a manifold given by the unstable manifolds of the 
downward gradient flow of some real analytic function. We observe that if this stratification 
satisfies the Verdier regularity condition, then the flow satisfies the Morse-Smale conditions. 
We succeeded in proving an (almost) converse to this statement. More precisely, we show 
that if the tame gradient flow associated to a real analytic function / and metric g satisfies 
the Morse-Smale condition, and if for every unstable critical point x of f, the spectrum Ti^ 
of the Hessian of / at x satisfies the clustering condition 



maxSa; < dist(S+,0) + dist(i;-,0), where := {A G S^; ±A>0}, 
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then the stratification by unstable manifolds satisfies the Verdier regularity condition. Again, 
the Poincare-Siegel theorem shows that set of tame gradient flows satisfying the spectral 
clustering condition above is nonempty and "open". 

In the tame world, the Verdier condition implies the Whitney condition. We deduce 
that the unstable manifolds of a tame Morse-Smale flows satisfying the spectral clustering 
condition form a Whitney stratification. The results of F. Laundebach [25] on the local conical 
structure of the stratification by the unstable manifolds follow from the general results on 
the local structure of a Whitney stratified space. 

We also investigate Morse like tame flows on singular spaces, i.e. tame Morse flows which 
admit a Lyapunov function. We explain how to compute the (homotopic) Conley index of an 
isolated stationary point in terms of the unstable variety of that point. We achieve this by 
proving a singular counterpart of the classical result in Morse theory: crossing a critical level 
of a Morse function corresponds homotopically to attaching a cell of a certain dimension. 
Since we are working on singular spaces the change in the homotopy type is a bit more 
complicated, but again, crossing a critical level has a similar homotopic flavor. The sublevel 
sets of the Lyapunov function change by a cone attachment. The cone has a very precise 
dynamical description, namely it is the cone spanned by the trajectories of the flow "exiting" 
the stationary point. 

We use the Conley index computation in the study of certain Morse like flows on simplicial 
complexes associated to finite posets. When we specialize to the case of posets of faces of a 
regular CW decomposition of a space we obtain, as a very special case , R. Forman's discrete 
Morse theory, [T3] . 

We also blend the tameness with the finite volume techniques of Harvey-Lawson to prove 
that the DeRham complex of a compact, orientable smooth manifold is naturally homotopic 
to the simplicial chain complex (with real coefficients) of a triangulation of the manifold. No 
tameness assumption on M is needed, by the tameness sneaks in through the back door, in 
the proof. 

Here is briefly the organization of the paper. Section [1] is a crash course in tame geometry 
where we define precisely the meaning of the attribute "tame" and list without proofs a few 
geometric consequences of tameness used throughout the paper. In Section [2131 we describe a 
large list of examples of tame flows, and prove several elementary properties of an arbitrary 
tame flow. In particular, in these sections we describe in detail some canonical tame flows 
on affine simplices (Example I2.10p , and on Grassmannians (Example I2.13P which will play 
an important role in the paper. 

Sections HUH] are devoted to gradient flows determined by real analytic functions on real 
analytic manifolds equipped with real analytic metrics. We prove that "most" of these flows 
are tame (Theorem 14. 4p . satisfy the Morse-Smale condition (Theorem 15. ip . and moreover, 
that the Morse-Smale is equivalent with the fact that the stratification by unstable manifolds 
is Verdier and Whitney regular (Theorem 18. H 18. 2p . 

In Section [9] we describe how to compute the Conley index of an isolated stationary point 
of a tame flow admitting Lyapunov functions in terms of the unstable variety of that point 
(Theorem I9.10p . In Section [10] we produce an almost complete topological classification 
of gradient like tame flows with finitely many stationary points on compact tame spaces. 
In Section [TT] we use the Conley index computations to investigate the homotopy type of 
posets by using certain tame flows associated to certain discrete Morse like functions on 
posets (Theorem 111.3^ ril.l4p . In the last section we explain how to use the Harvey-Lawson 
techniques to produce results about the homotopy type of the DeRham complex (Theorem 
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1. Tame spaces 

Since the subject of tame geometry is not very familiar to many geometers we devote this 
section to a brief introduction to this topic. Unavoidably, we will have to omit many inter- 
esting details and contributions, but we refer to O [9l [11] for more systematic presentations. 
For every set X we will denote by J'(A) the collection of all subsets of X 

An R-s^TOctitr^ is a collection S = | §" C T(M"), with the following properties. 

Ei: 8" contains all the real algebraic subvarieties of M", i.e., the zero sets of finite 

collections of polynomial in n real variables. 
E2: For every linear map L : — > M, the half-plane {x £ M"; L{x) > 0} belongs to 

S". 

Pi: For every n > 1, the family 8" is closed under boolean operations, U, n and 

complement. 
P2: If A e and B G 8", then Ax B £ 8™+". 
P3: If A G S™, and T : ^ is an affine map, then T{A) G 8". 

Example 1.1 (Semialgebraic sets). Denote by §aig the collection of real semialgebraic sets. 
Thus, A £ 8"^^ if and only if ^ is a finite union of sets, each of which is described by 
finitely many polynomial equalities and inequalities. The celebrated Tarski-Seidenberg theo- 
rem states that §aig is a structure. 
For example, the set 

A = {{x,y,z) £ R^;x^ + + > 6xyz or + > 1 } 

is semialgebraic, and Tarski-Seidenberg theorem implies that its projection on the (x, y)-plane 

{{x,y)£M.'^; 3z£'R: x^ + + > 6xyz, or + > 1 } 

is also semialgebraic. □ 

Given a structure 8, then an ^-definable set is a set that belongs to one of the 8^-s. If A, B 
are 8-definable, then a function / : A — > i? is called §- definable if its graph 

Tf:={{a,b)£AxB; 6 = /(a) } 

is 8-definable. The reason these sets are called definable has to do with mathematical logic. 

A formul(^ is a property defining a certain set. For example, the two different looking 
formulas 

{x£R; x>0}, {x£R; 3y£R: x = y^}, 

describe the same set, [0, 00). 

Given a collection of formulas, we can obtain new formulas, using the logical operations 
A,V,-i, and quantifiers 3, V. If we start with a collection of formulas, each describing an 

-'^This is a highly condensed and special version of the traditional definition of structure. The model theoretic 
definition allows for ordered fields, other than R, such as extensions of R by "infinitesimals". This can come 
in handy even if one is interested only in the field R. 

^We are deliberately vague on the meaning of formula. 
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S-definable set, then any formula obtained from them by applying the above logical transfor- 
mations will describe a definable set. 

To see this, observe that the operators A, V, correspond to the boolean operations, n, U, 
and taking the complement. The existential quantifier corresponds to taking a projection. 
For example, suppose we are given a formula 4>{a, b), (a, b) E Ax B, A, B definable, describing 
a definable set C C ^ x 5. Then the formula 

{aeA; 3b eB: ^{a,b)} 

describes the image of the subset C C A x B via the canonical projection A x B ^ A. If 
A C M™, B C M", then the projection A x B A is the restriction to A x i? of the linear 
projection R"* x R" — and P3 implies that the image of C is also definable. Observe 
that the universal quantifier can be replaced with the operator 

Example 1.2. (a) The composition of two definable functions ^ ^ -B C is a definable 
function because 

Tgof = {{a,c)eAxC;3beB: (a, b) G Ff, (6, c) G }. 
Note that any polynomial with real coefficients is a definable function. 

(b) The image and the preimagc of a definable set via a definable function is a definable set. 
Using E2 we deduce that any semialgebraic set 8 is definable. In particular, the Euclidean 
norm 

^ 1 /2 

!•! :M"^M, \{xi,...,xn)\ = 

i=l 

is S-definablc. 

(c) Suppose A C M"" is definable. Then its closure cl(A) is described by the formula 

{x G M"; Ve > 0, 3a e A : |x-a|<e}, 

and we deduce that cl{A) is also definable. Let us examine the correspondence between the 
operations on formulas and operations on sets on this example. 
We rewrite this formula as 

V£(^ (e > 0) ^ 3a{a e A) A {x e M") A (|x - a| < e) ) . 

In the above formula we see one free variable x, and the set described by this formula consists 

of those x for which that formula is a true statement. 
The above formula is made of the "atomic" formula, 

{aeA), (xGR"), (|a;-a|<£), (e > 0), 

which all describe definable sets. The logical connector ^ can be replaced by V-i. Finally, we 
can replace the universal quantifier to rewrite the formula as a transform of atomic formulas 
via the basic logical operations. 

^|3e^(^(e > 0) ^ 3a{a G A) A (x G M") A (|x - a\ < □ 

Given an M-structure 8, and a collection A = {An)n>i, An C 3'(M"'), we can form a new 
structure 8 (A), which is the smallest structure containing 8 and the sets in An- We say that 
S(yi) is obtained from 8 by adjoining the collection A. 

Definition 1.3. An M-structure is called o-minimal (order minimal) or tame if it satisfies 
the property 
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T: Any set A G is a finite union of open intervals (a, 6), — oo < o < 6 < oo, and 
singletons {r}. □ 

Example 1.4. (a) The collection §aig of real semialgebraic sets is a tame structure. 
(b)(Gabrielov-Hironaka-Hardt) A restricted real analytic function is a function / : M 
with the property that there exists a real analytic function / defined in an open neighborhood 
U of the cube Cn := [—1, 1]" such that 



fix) 



f{x) X eCn 

X G M" \ Cn. 



we denote by San the structure obtained from §aig by adjoining the graphs of all the restricted 
real analytic functions. Then §an is a tame structure, and the San-definable sets are called 
globally subanalytic sets. 

(c) (Wilkie, van den Dries, Macintyre, Marker) The structure obtained by adjoining to San 
the graph of the exponential function M ^ M, 1 1— > e*, is an tame structure. 

(d) (Khovanski-Speissegger) There exists a tame structure S' with the following properties 

(di) San C S' 

(^2) If [/ C is open, connected and S'-definable, Fi, . . . ,Fn : C/xM — > M are S'-definable 
and C^, and / : [/ ^ M is a C"^ function satisfying 

df 

-^ = Fi(x,/(x)), VxGM,, i=l,...,n, (1.1) 

OXi 

then / is S'-definable. 

The smallest structure satisfying the above two properties, is called the pfaffian closur^ of 
Sam and we will denote it by San- 

Observe that if / : (a, 6) — > M is C^, San-definable, and xq G (a, 6) then the antiderivative 
F : (a, 6) ^ M 



F{x) = / f{t)dt, xe{a,b), 

J XO 

is also San-definable. □ 

The definable sets and function of a tame structure have rather remarkable tame behavior 
which prohibits many pathologies. It is perhaps instructive to give an example of function 
which is not definable in any tame structure. For example, the function x 1-^ sinx is not 
definable in a tame structure because the intersection of its graph with the horizontal axis is 
the countable set ttZ which violates the o-minimality condition O. 

We will list below some of the nice properties of the sets and function definable in a tame 
structure S. Their proofs can be found in [9]. 

• {Piecewise smoothness of one variable tame functions.) If / : (0, 1) ^ M is an S-definable 
function, and p is a positive integer, then there exists 

= Oq < oi < 02 < • • • < «n = 1 

such that the restriction of / to each subinterval (aj_i, Oj) is and monotone. Moreover / 
admits right and left limits at any t G [0, 1]. 



■^Our definition of pfaffian closure is more restrictive than the original one in [241137) . but it suffices for the 
geometrical applications we have in mind. 
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• {Closed graph theorem.) Suppose X is a tame set and / : X — R" is a tame bounded 
function. Then / is continuous if and only if its graph is closed in X x R". 

• {Curve selection.) If A is an S-definable set, and x G cl{A) \ A, then there exists an S 
definable continuous map 

7 : (0, 1) ^ ^ 

such that X = lim.t^oj{t). 

• Any definable set has finitely many connected components, and each of them is definable. 

• Suppose A is an S-definable set, p is a positive integer, and / : ^4 ^ R is a definable 
function. Then A can be partitioned into finitely many S definable sets Si, . . . ,Sk, such that 
each Si is a C^-manifold, and each of the restrictions /jg. is a C^- function. 

• {Triangulability) For every compact definable set A, and any finite collection of definable 
subsets {Si, . . . , there exists a compact simplicial complex K, and a definable homeo- 
morphism 

^■.K^A 

such that all the sets ^~^{Si) are unions of relative interiors of faces of K. 

• {Definable selection.) Suppose A, A are S-definable. Then a definable family of subsets of 
A parameterized by A is a definable subset 

ScAxA. 

We set 

Sx:={aeA; {a,X)eS}, 

and we denote by A^ the projection of S on A. Then there exists a definable function 
s : As ^ A such that 

s{X)eSx, VAGA5. 

• {Dimension.) The dimension of an S-definable set A C R"" is the supremum over all the 
nonnegative integers d such that there exists a submanifold of R" of dimension d contained 
in A. Then dim^ < 00, and 

dim{cl{A) \A) < dim A. 
Moreover, if {Sx)x^a. is a definable family of definable sets then the function 

A 9 A dim Sx 

is definable. 

• {Definable triviality of tame maps.) We say that a tame map $ : X — > S is definably trivial 
if there exists a definable set F, and a definable homeomorphism t : X ^ F x S such that 
the diagram below is commutative 

X ^ S xF 




S 



li : X is a definable map, and p is a positive integer, then there exists a partition of 
Y into definable C^-manifolds Fi , . . . , such that each the restrictions 

^■.^-\Yk)^Yk 

is definably trivial. 
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• {Definability of Euler characteristic.) Suppose (5'A)AeA is a definable family of compact 
tame sets. Then the map 

A 9 A x{Sx) = the Euler characteristic of Sx £ Z 

is definable. In particular, the set 

{xiSx); AgA,}cZ 

is finite. 

• {Scissor equivalence principle) Suppose 50,51 are two tame sets. We say that they are 
scissor equivalent if there exist a tame bijection F : Sq ^ Si. (The bijection F need not 
be continuous.) Then So and Si are scissor equivalent if and only if they have the same 
dimension and the same Euler characteristic. 

• {Crofton formula., [3], [121 Thm. 2.10.15, 3.2.26]) Suppose E is an Euclidean space, and 
denote by Graff ^(E') the Grassmannian of affine subspaces of codimension k in E. Fix an 
invariant measure /i on /X is unique up to a multiplicative constant. Denote by 
"K^ the /c-dimensional Hausdorff measure. Then there exists a constant C > 0, depending 
only on //, such that for every compact, /c-dimensional tame subset S G E we have 

:k''{S) = c [ x{Lr]S)dfi{L). 

J Graff'' (E) 

• {Finite volume.) Any compact /c-dimensional tame set has finite /c-dimensional Hausdorff 
measure. 

• {Tame quotients.) Suppose X is a tame set, and ii^ C X x X is a tame subset defining an 
equivalence relation on X. We assume that the natural projection ir : E ^ X is definable 
proper, i.e., for any compact tame subset K C X the preimage ■k~^{K) C E is compact. 
Then the quotient space X/E can be realized as a tame set, i.e., there exists a tame set Y, 
and a tame continuous surjective map p : X ^ Y satisfying the following properties: 

(Qi) p{x) =p{y) <^ {x,y) G E. 
{Q2) P is definable proper. 

The pair {Y,p) is called the definable quotient of X mod E. It is a quotient in the category 
of tame sets and tame continuous map in the sense that, for any tame continuous function 
/ : A" — > Z such that {x, y) & E =^ f{x) = f{y), there exists a unique tame continuous map 
f -.Y ^ Z such that the diagram below is commutative. 



7t 

/ 

V 

\ / ^ 

Y 

□ 

In the sequel we will work exclusively with the tame structure San- We will refer to the 
San-definable sets (functions) as tame sets (or functions), or definable sets (functions). 

2. Basic properties and examples of tame flows 
We can now introduce the subject of our investigation. 
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Definition 2.1. A tame flow on a tame set X is a continuous flow 

^ -.Rx X ^ X, Rx X 3 {t,x) ^ ^t{x), 
such that $ is a tame map. □ 

If <I> is a tame flow on a tame set X, we denote by Cr$ the set of stationary points of the 
flow. Observe that Cr$ is a tame subset of X. 

Definition 2.2. Suppose $ is a tame flow on the tame set X. Then a tame Lyapunov 
function for $ is a tame continuous function f : X ^ R which decreases strictly along the 
nonconstant trajectories of and it is constant on the path components of Cr$. □ 

Proposition 2.3. (a)If ^ is a tame flow on the tame set X, and F : X Y is a tame 
homeomorphism then the conjugate 

= F o $t o : y ^ y 

is also a tame flow. 

(b) If ^ is a tam,e fl,ow on the tame set X, and is a tame flow on the tame set Y , then the 
product flow on X xY , 

$ X * : M X X X y ^ X X y, {t,x,y)<-^ ($t(x), *t(y)) 

is tame. Moreover, if f is a tame Lyapunov function for and g is a tame Lyapunov 
function for 5', then 

fmg:XxY^R, f m g{x,y) = f{x) + g{y), 
is a tame Lyapunov function for $ x 

(c) If ^ is a tame flow, then its opposite $t := is also a tame flow. 

(d) If ^ is a tame flow on the tame space X and Y is a (^-invariant tame subspace then the 

restriction of ^ to Y is also a tame flow. 

(e) Suppose X is a, tame set, and Yi,Y2 are compact tame subsets. Suppose is a tame 
flow on Yk, k = 1,2, such that Yi n Y2 is <l>^ invariant, Mk = 1,2, and 

Then there exists a unique tame flow ^ on X such that 

^Yu = ^\ k = l,2. 
Moreover, if fk : Y)- ^ R, k = 1,2 is a tame Lyapunov function for and 

/i|yiny2 = /2|yiny2 

then the function 

' fi{x) xGYi 



fM-.X^R, (/i#/2)(x) 



f2{x) xeY2 



is a tame Lyapunov function for 



Proof We prove only (a). The map 'if : R ^ X ^ X, {t,x) 1-^ F o ^(x)) can be 

written as the composition of tame maps 

RxY RxX -^X ^Y. □ 
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Example 2.4. The translation flow on M given by 

Tt{x) =x + t, \/t,x €R 

is tame since its graph is the graph of + : M x M — > M. The identity Ik : M — > M is a tame 
Lyapunov function for the opposite flow. □ 



Example 2.5. Let X - 

The function t x{t) = 
If xo G {0, 1} then x{t) 

so that 



[0, 1], and consider the flow $ on X generated by the vector field 

^ = x{x - l)dx- 
^tixo) satisfies the initial value problem 

X = x{x — 1), x(0) = Xq. 
= xq. If Xq G (0, 1) then we deduce 



dx 



x{x — 1) 



dt 



dx 

X 



d{l - x) 



1 



-dt 



X 



log- 



X 



log 



Xo 



Hence 



r{xo,t) :-- 



Xo 



1 - Xo 



(1 - Xo; 
x{t) 



r{xo,t) 



Xo 



1 - Xo + e *xo 



(2.11 



1 + r(xo,t) 

This shows that <I> is tame and its restriction to (0, 1) is tamely conjugate to the translation 
flow. The identity function [0, 1] [0, 1] is a Lyapunov function for this flow. We will refer 
to $ as the canonical downward flow on [0, 1]. □ 



Example 2.6. Consider the unit circle 

S' = {{x,y)eR^; x^ + y^ = l}. 
The height function ho : ^ M, ho{x, y) = y, is a real analytic Morse function on S^. Deflne 

u+ ■= s^r\{x> 0}, u- := s^r\{x< o}. 

Along C/+ we can use y as coordinate, and we have d{x'^ + y"^) = 0, so that 

dx = ——dy dx^ + dy"^ = ^dy'^ . 

x 1 — y 

The gradient of ho with respect to the round metric j^^dy"^ is then ,^o ■= (1 ~ y'^)9y so that 
the descending gradient flow of h (with respect to this metric) is given in the coordinate y by 

y = -(l-y2). 

This flow is tamely conjugate to the flow in Example 12.51 via the linear increasing homeomor- 
phism [—1, 1] [0, 1]. Thus the gradient flow of the height function on the round circle is 
tame. Note that this flow is obtained by gluing two copies of the standard decreasing flow 
on [0,1]. □ 
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Example 2.7 {A simple non tame flow). Consider the rotational flow on the unit circle 

This flow is not tame because the set 

A = G M; Rt{l) = e^* = 1 } = 2ttZ 

is not tame. 

We deduce from this simple example that a tame flow cannot have nontrivial periodic 
orbits because the restriction of the flow to such an orbit is tamely equivalent to the rotation 
flow which is not tame. This contradicts Proposition 12.3( d). □ 

Example 2.8 {A tame flow with no Lyapunov functions). Consider the vector fleld V in the 
plane given by 

V = ix^ + \y\)dy. 

Observe that V has a unique zero located at the origin. The flow lines are the solutions of 

x = 0, ij = {x^ + \y\), x(0)=xo, y(0) = yo- 
Note that y{t) increases along the flow lines. Thus, if yo ^ 0, we deduce 

y = 4 + y^ ^(e"*y) = e'^xl =^ e-^y{t) - yo = xg(l - e"*) 

so that 

y{t) = e'yo + xl{e' - I). 
If yo < then while y < we have 

y + y = xl ^ e^y + \yo\ = Xo(e* - 1). 

Thus 

y{t) = e^xl = xl + \yo\ =^ t = T(xo,yo) := log(a;o + |yo|) - loga;o 
We deduce that if yo < we have 

,,(f^ = l - e-') + yoe-' if t<r(xo,yo) 
^ \ xg(e*-^(^»'2'o) - 1) if t>T{xo,yo) ' 

The trajectories of this flow are depicted in the top half of Figure [1] 

Prom the above description it follows immediately that this flow is tame and extends to 
a tame flow on S'^, the one-point compactification of the plane. The flow on the eastern 
hemisphere {X > 0) is depicted at the bottom of Pigure [H Observe that all but two of the 
orbits of this flow are homoclinic so that this flow does not admit Lyapunov functions. □ 

Example 2.9 {The cone construction). Suppose <^ is a tame flow over a compact tame set 
X C M^. We form the cone over <I> as follows. 

Pirst, define the cone over X to be the tame space C{X) C [0, 1] x c M^^-'^ defined as 
the definable quotient 

[0,1] X X/{1} X X. 

The time 1-slice {1} x X is mapped to the vertex of the cone, denoted by *. Denote by 
TT : [0,1] X X ^ C{X) the natural projection. Observe that tt is a bijection 

[0,l)xX^C{X)* = CiX)\{*}. 

We thus have two maps 

a : C{X)* -^X, a: C{X) [0, 1]. 



12 
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/\ 



/\ 



/\ 




Figure 1 . A tame How with lots of homoclinic orbits. 

called the shadow, and respectively altitude. Any point on the cone, other than the vertex, 
is uniquely determined by its shadow and altitude. 

The product of the standard decreasing flow ^ on [0, 1] with the flow ^ on X produces a 
flow on [0, 1] X X which descends to a flow on the cone C{X) called the downward cone of $ 
which we denote by C*. The vertex is a stationary point of this flow. If p G C{X)* then, to 
understand the flow line t i— > Cf{p), it suffices to keep track of the evolution of its shadow 
and its height. The shadow of Cf{p) is ^t'^{p), while the height of Cf{p) is '^th{p). 

Observe that if / is a Lyapunov function for ^ on x, then for every positive constant A 
the function 



fx ■■ C{X) 



/a(x) 



A 



Aq(x) + (l — q(x) )/((j(a;)) x/* 



is a Lyapunov function for C*. 



□ 



Example 2.10 {The canonical tame flow on an affine simplex). We want to investigate the 
cone construction in a very special case. Suppose E is a finite dimensional affine space. For 
every subset V C E we denote by AS{V) the affine subspace spanned by V. The set V is 
called affinely independent if dim AfF(y) = — 1. 
li V = {vq, . . . ,Vk}, and dim Aff(y) = k we define 

[V] = [vq, ...,Vk]:= conv {{vq, . . . ,Vk}), 

where "conv" denotes the convex hull operation. We will refer to [vq, . . . ,Vk] as the affine 
/c-simplex with vertices vq, - ■ ■ ,Vk. Its relative interior, denoted by Int[vo, . . . ,Vk] is defined 
by 

k k 
Int[vo, . . . ,Vk] := {'^tiVi; ti > 0, ^tj = l}. 

i=0 i=0 
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Given a linearly ordered, affinely independent finite subset of E we can associate in a canonical 
fashion a tame flow on the affine simplex spanned by this set. 

Fix an affine A;-simplex S in the affine space E with vertex set V. A linear ordering on V 
is equivalent to a bijection 

{0,1, • • • , k} ^ V, i ^ Vi so that vi < vj <^=^ i < j. 

Recall the affine cone construction. 

Let y be a subset in an affine space E, and v £ E \ Aff (y). The cone on Y with vertex v 
is the set 

C^{Y):={x = {l-t)v + ty = v + t{y-v); t£[0,l], y€Y}. 
In other words, Cy{Y) is the union of all segments joining w to a point y & Y. Note that 
since v £ E\ Aff (Y) two such segments have only the vertex v in common. This means that 
any point p = Cv{Y) \ {v} can be written uniquely as an affine combination 

p = v + t{y-v), t£ (0,1], y£Y. 

If S = [vo, ■ ■ ■ ,Vk] is an affine /c-simplex, then 

[vo,...,Vi,Vi+i] = Cv,+^{[vo,--- ,Vi]) 

so that 

Sk = C,^o...o {{vo}) := a, (• • • a, {{vo}) ■■■). 

The cone construction extends to sets equipped with vector fields. 

Suppose Y G E, V E \ Aff (y), and Z -.Y ^ TE is a vector field on Y. Temporarily, we 
impose no regularity constraints on Z. A priori, it could even be discontinuous. Define 

Z = C,{Z):C,{Y)^TE, 

by setting for t G [0, 1], and y £ Y, 

Z{v + t{y-v)) = {l-t)-t{y-v)+tZ{y). 

Note that Z{v) = and Z{y) = Z{y), Wy £ Y. We let 

Si := [vo, . . .,Vi], 

and define 

Zi := Ct,. o • • • C„^(0), 

where denotes the trivial vector field on the set {vq}. By construction we have 

Zi+i\s^ = Zi, Zi{vj) = 0, Vj < i. 

Observe that along the segment [fo,?^i] we have 

Zi{vi + t{vi - Vo)) = -t{l - t)v^. 

Its flow is the canonical downward flow on a segment and it is depicted in Figure [2J 

To understand the nature of the vector fields Zi we argue inductively. Let p G [vo, - • • , Vk,Vk+i], 
p 7^ Vk+i, and denote by q the intersection of the line v^+iP with [vq, - ■ ■ ,Vk\ (see Figure E]). 
If (to, • • • , tk+i) denote the barycentric coordinates of p in Sk+i, and (sq, . • • , Sfc) denote the 
barycentric coordinates of g in S'^ , then 



ti ti 



0<i<k 



to-\ + tk 1 — tk+l 

and 

(p - Vk+i) = (1 - tk+i){q - Vk+i). 



14 
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'o* ^ 




Figure 2. Morse structures on low dimensional simplices. 



Then 




Zk+iip) = tfc+i(l - tk+i){q - Vk+i) + (1 - tk+i)Zk{q) 

Since is described in Sk+i by t^+i = and Z^+ils^^ = we can rewrite the last equahty 
as 

Zk+l{to, ■ ■ ■ , tk,tk+l) = ifc+l(l — tk+l){ ( y 1 Vi ) — Vk+l 

+(1 - tk+i)Zk\ , , 1 , 

■ J- — ^fc+i J- — ife+i 

This shows inductively that Zk is Lipschitz continuous, and even smooth on the relative 
interiors of the faces of Sk ■ 

Denote by <I>j the (local) flow defined by Zk- For any vector A = (Aq, • • • , \k) £ "^^^^ such 
that 

Ao < Ai < • • • < Afc, 
we define : 5^ — > M to be the unique affine function on Sk satisfying 

f^{vi) = Xi, Vi = 0, 1, . . . , A;. 

We want to show that for every A; > the following hold. 

Fact 1. The flow $j exists for all t on Sk, it is tame, and it is of the triangular type (jl.ip . 
Fact 2. The linearization of Zk at a vertex vi, i = 0,1, . . . ,k is diagonalizable, its spectrum 

is {—1, 1} and the eigenvalue 1 has multiplicity i. 
Fact 3. The function is a Lyapunov function for 

Fact 1. To show that the flow $j is tame we argue by induction over k. The case k = 1 
follows from Example 12.51 For the inductive step we flx a vertex u of Sk, and relabel the 
other ui, . . . ,Uk- 

We think of u as the origin of the affine space Aff(S'fc+i), and we introduce the vectors 



a := uui = Ui-u, Ck+i ■■= uvk+i = Vk+i - u. 

These define linear coordinates (xi, . . . ,Xk,Xk+i) on Ai^{Sk+i) so that 

AflF(Sfc) = {xk+i = 0}. 

We say that these are the linear coordinates determined by the vertex u. 
Consider the point p G Sk+i \ Vk+i with linear coordinates 

p < > (Xl, . . . ,Xk,Xk+l)- 
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Denote by jJ G the projection of p on parallel to e/c+i, and by q the intersection of the 
line Vk+ip with Sk (see Figure [3]). We say that q is the shadow of p. Then p' has coordinates 

p' i — > {xi, . . . ,Xfc,0), 

while the shadow q has coordinates 

q< — ' ,0). 

1 - Xfc+i 1 - Xk+l 

Since v^+iP = (1 — Xk+i)vk+iq we deduce 




u p 

Figure 3. Dissecting the cone construction. 

Zk+i{xi, ■ ■ ■ ,Xk,Xk+i) = Xk+i{l - Xk+i)vk+iq + (1 - Xk+i)Zk{q) 
Xk+i{l- Xk+i){ [y — — el) -4+1 \ 

Xk+l ' I 




+(1 - Xk+i)Zk{- , • • • , 7 

1 - Xk+l 1 



Xk 



= -Xk+i{l - Xk+i)ek+i + Xfc+i ^XjCj + (1 - Xk+i)Zk{j 
If we write 



Xk+l i - Xk+l 

Xl Xk 



.^^ - Xk+l -L - Xk+l 



Zk — / ^ Zlci 



k 

E 

i=0 

then we deduce 

^k+l = Xk+l{Xk+l - 1), = Xk+lXi + (1 - Xk+i)Zl (- — — , • • • , -—^ 

^ J- — Xk+l -L — Xk+l 

This shows inductively that, away from the vertex Vk+i of the simplex Sk+i, the vector 
field Zk+i has upper triangular form in the coordinates xi,--- ,2:^+1, i.e., the z-th compo- 
nent • • • ,2:^+1) depends only on the variables Xi, - ■ ■ ,Xk+i. This defines a system 
differential equations of the pfaffian type (jl.ip . 

We want to prove that the vector field Z^^i determines a globally defined flow on the 
simplex Sk- Prom the inductive assumption we deduce that for any k simplex with linearly 
oriented vertex set the corresponding vector field determines a globally defined tame flow. 
Consider a point 

p £ Sk+i \ {vk+i}- 
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We will use the linear coordinates {xi, . . . ,Xk+i) determined by the vertex vq. Assume that 
the linear coordinates of p are 

p = (ai, . . . ,ak+i) 
The flow line of Z^^i through p is a path 

{Xl{t),... ,Xk+l{t)) 

satisfying the initial value problem 

Xk+i = -Xk+i{l - Xk+i), Xk+i{0) = Ofc+i (2.2) 

Xi=Xk+iXi + {l-Xk+i)Zl{- — — r,---,7; — — r), Xi(0) = a^. (2.3) 

'(1-Xfc+l) (l-Xk+l) 

For simplicity we write x := Xk+i- We introduce the shadow coordinates 

^' > Xi = Si{l - Xk+i), i = 1,2, • • • , fc. 



(1 - Xfc+l) 

The projection of the path 7(t) from the vertex Vk+i onto the face [vq, . . . ,Vk] is given in 
linear coordinates by the shadow path 1 1— > ( si(t), . . . , Sfc(t) ). 
Since x = —x{l — x) we deduce 

d d 

-^Xi = - ^)) = - X) - SiX = Si{l - X) + SiX{l - x). 



Using this in (j2.2p and (j2.3p we deduce 

x = -x{l-x) Si = Zl{si,- ■ ■ ,Sk), j = l,...,k. (2.4) 

This computation, coupled with the inductive assumption show that ^^~^^{p) G S^+i, Vt e M. 

The flow can be given the following simple interpretation. Denote by <I>^ the flow on 
[vq, - ■ ■ ,Vk], and by s the shadow map 

s : Int [vo, Vk+i] Int [vq, ... ,Vk], s{p) := vu+ip n [vq, • • • , ffc], 

where VkP denotes the line passing through Vk+i and p. We assume vq is the origin of our 
affine space so we can describe a point in the simplex [vq, vi, . . . , Vi\ by its linear coordinates 
(xi, . . . , Xj). Given 

po = (ai, . . .,ak+i) e Int [vq, . . . ,'Ufe+i], 
we set = s{pq) and then we have 

^'+\po) = x{t)vk+, + ( 1 - x{t))<^>;{s{po)l x{t) = "^SlL. . 

1 - Ofc+i + e ^ak+i 

The path $t+^(po) 

can be visualized using a natural moving frame. 

Denote by sq the shadow of pq. Now let sq go with the flow <I>'^, s{t) = <I>^(so). The point 
p{t) = (^^^^{pq) lies on the segment [s{t),Vk+i\. If we affinely identify this segment with the 
segment [0, 1] so that s{t) < — > and Vk+i < — > 1, then the motion of the point p{t) along the 
(moving) segment [s{t),Vk+i] is mapped to the motion on the unit segment [0, 1] governed by 
the canonical downward flow on [0, 1]. In other words, the flow <I>'^+^ is the negative cone on 
the flow <I>'^. This proves that $''+^ is tame. 

To see how this works in concrete examples, suppose 5*2 is the 2-simplex 

{(x,y) gM^; 0<x,y, x + y < 1} 
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with vertices vq = (0,0), vi = (1,0), V2 = (0,1). Consider the point po = {xo,yo) in the 
interior of this simplex. If $ is the flow defined by the vector field Z2 then 



Mxo, yo) = ( (1 - y{t) )- ' \ , y{t) ) , y{t) = - 



XQ-yQ + e-*Xo ^ 1 - yo + e *yo 

Fact 2. The statement about the linearization of Zk at the vertices of Sk is again proved 
by induction. The statement is obvious for A; = 1. For the inductive step, denote by u one 
of the vertices of 5^, and label the remaining ones by ui, . . . , Ufe. We again think of n as the 
origin of AfF(S'fe_|_i) and as such we obtain a basis 

ei = Ui- u, 4+1 = Vk+i - u, 

and linear coordinates (xi, . . . , x^.+i). The point u has linear coordinates Xj = 0, 0<i<A; + l 
in Sk+i- Denote by V the trivial connection on the tangent bundle of AS{Sk+i)- For 
i = 0, . . . ,k we have 

^aZk+iixi,. . . ,Xk) = Xk+iei + VeiZk{- — — , — — ) 

J- ~ Xk+l i — Xk+l 



and 



Vefc+i-^fc+l = ^{xiSi + (2xfe+i - 1)4+1 ) - Zk{ , • • • , T^T"^ ) 

J- Xk+1 J- Xk-\-l 

I sr^ ^ „ , XI Xk . 

1 - Xk+1 ^ 1 - Xk+1 1 - Xk+1 



+ 

Observe that at (xi, • • • ,Xk+i) = we have 

Vei^fc+l = Vei^fe, l<i<k, 

and 

Vgfc+i^fe+i = -Cfc+i 
This proves the statement about the linearization of Zk+i at u e {vq, . . . , Vk}- 

Finally, we want to prove that the linearization of Zk-\-i at Vk+i is the identity. Since 
^ki^i) = 0, Vi = 0, 1, . . . , we deduce that at a point p on the line segment [ufc+i, 'Uj] given 

by 

P = Vk+l + (1 - t){Vi - Vk+l), 

the vector field Zk+i is described by 

Zk+i{p) = t{l - t){vi - Vk+l). 
If we fix the origin of Af£{Sk+i) at Vk+i, and we set := Vk+ivl, then 
Zk+iivk+i + sfl) = s{l - s)fi, V f^Zk+i{vk) = fi, 
so that the linearization of Zk+i at ffc+i is the identity operator 

/ : T^^^^ AS{Sk+i) T^^^+i AS{Sk+i). 

Fact 3. We again argue by induction. The statement is true for k = 1. For the inductive 
step, denote by (xi, . . . ,Xk+i) the linear coordinates on Sk+i determined by the vertex vq. 
In these coordinates we have 

k+l 

fx = ^o + ^i>^3 - Ao)Xj. 
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If we write x = Xk+i, and again we introduce the shadow coordinates sj = yrj, we deduce 

k 

/^(si,. . .,Sk,x) = Ao + (Afc+i - Ao)2; + (1 - x)^(Aj - Xo)sj. 



If we differentiate f^^isi, . . . ,Sk,x) along a flow line we deduce 
d 



k k 



^^/a(^1'- • -^Skjx) = (Afc+1 - Xo)x - x^(Aj - Xo)sj + {1 - x) ^(Aj - Xo)sj. 



— /^(si, ...,Sk,x) 



Using (j2.4p we deduce 

d_ 
di' 

k k 

= -(Afc+i - Ao)x(l -x) + x(l - x) ^(Aj - Ao)sj + (1 - x) ^(Aj - Ao)sj 

i=i i=i 

(fc \ fc 

^(Aj - Xo)sj - (Afc+i - Ao) + (1 - x) ^{Xj - Xo)sj 

The first term is strictly negative because Xj < Xk+i, and on Sk we have 

J2sj < 1, Sj > 0, 
i 

where at least one of these inequalities is strict. The second term is negative since the 
restriction of to the face is a Lyapunov function for <I>'^. □ 

The above example has an important consequence. 

Proposition 2.11. On any compact tame space there exist tame flows with finitely many 
stationary points and admitting tame Lyapunov functions, i.e. continuous tame functions 
decreasing strictly along the nonconstant orbits. 

Proof. Suppose X is a compact tame space. Choose an affine simplicial complex Y and a 
tame homeomorphism F '.Y ^ X. Denote by V{Y) the vertex set of Y and choose a map 
£ : V{Y) — > M which is injective when restricted to the vertex set of any simplex of Y . We 
can now use the map (. to linearly order the vertex set of any simplex cr of 1" by declaring 

u<v ^=> i{u) < £{v). 

This ordering induces as in Example 12.101 a tame flow <I>°" = <I>^'^ on any face o" of y such that 

$^|^ = Va -< T. 

Thus the tame flows on the faces of Y are compatible on overlaps and thus define a tame 
flow on Y. Note that the function £ defines a piecewise linear function i : Y ^ M. which 
decreases strictly along the trajectories of Using the homeomorphism F we obtain a tame 
flow F o ^ o F^'^ on X. Its stationary points correspond via F with the vertices of Y, and 
F o £ o F^^ is a tame Lyapunov function. □ 
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Example 2.12. Suppose E is a finite dimensional real Euclidean space, and A G End(£') is 
a symmetric endomorphism. Then the linear flow 

:Rx E ^ E, ^f{x) = e^*x, x e E, 

is a tame flow. Similarly, the flow 

■^^ -.RxEndE ^EndE, ^f{S) = e^^Se-^\ S eEndE 

is a tame flow. □ 

Example 2.13. Suppose £^ is a finite dimensional real Euclidean space, and A G End(i?) is a 
symmetric endomorphism. Denote by Gr^^E) the Grassmannian of fc-dimensional subspaces 
of E. For every L G Gvk{E) we denote by Pl the orthogonal projection onto L. The map 

Grk{E) 3 L^-^PlE EndE 

embeds Gr k{E) as a real algebraic submanifold of EndE'. 
On End E we have and inner product given by 

(5,T) =tr(5r*), 

and we denote by | • | the corresponding Euclidean norm on End£^. This inner product 
induces a smooth Riemann metric on Grif.{E). 
The flow 

GvkiE) 3L^ e^*L G Grk{E) 

is tame. To see this, consider an orthonormal basis of eigenvectors of ^4, ei, . . . , e^, n = dim E 
such that 

Aei = XiBi, Ai > A2 > • ■ ■ > An. 
For every subset J C {1, . . . , n} we write 

£^7 := span{ei, ^ G /}, /"'":= {1, n} \ /. 

For = k we set 

Grk{E)i = {Le Grk-, LnEi = 0,}. 
Grk{E)j is a semialgebraic open subset of Grk{E) and 

Grk{E)= U Grk{E)i. 

A subspace L G Gy]^{E)i can be represented as the graph of a linear map S = Sl '■ Ej ^ Ej-, 
i.e., 

L = |x + Sx; a; G -E/ } . 
Using the basis {ei)i^i and {ea)ae.i^ ^® represent 5 as a (n — A;) x A; matrix 

The subspaces Ej and Ej- are A invariant. Then e^^L G Gr k{E)i, and it is represented as 
the graph of the operator St = e^^Se~^* described by the matrix 

Diag(e^«*, a G /^) • 5 • Diag(e-^**, i e I) = [e^^"-^*)*^,^^,, 

This proves that the flow is tame. 

Let us point out that this flow is the gradient flow of the function 

fA : Grk{E) ^ R, /^(L) = tr = {A, Pl). 
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This is a Morse-Bott function. We want to describe a simple consequence of this fact which 
we will need later on. 

Suppose U is a subspace of E, dimC/ < k, and define 

A := Pu± = 1e- Pu- 

Then 

fA{L) = ti{PL - PlPu) = dimL - tr(Pi,P[/). 
On the other hand, we have 

\Pu - PuPl? = tr(P[/ - PuPl){Pu - PlPu) = tr(P[/ - PuPlPu) 

= tr P[/ - tr PuPlPu = dim - tr PuPl- 

Hence 

= \Pu - PuPl\^ + dimL - dimU, 

so that 

fA{L) > dimL — dimC/, 

with equality if and only if Ld U. Thus, the set of minima of /a consists of all A;-dimensional 
subspaccs containing U. We denote this set with Grk{E)u. Since /a is a Morse-Bott function 
we deduce that 



Vj <k, yU G GrjiE) 3C = C([/) > 1, VL G Grfc(£;) : 
dist(L,Grjk(L;)[/)^ < \Pu-PuPl\'' < Cdist(L, Grfc(L;)[/ )^ 



In a later section we will prove more precise results concerning the asymptotics of this Grass- 
mannian flow. □ 



3. Some global properties of tame flows 

We would like to present a few general results concerning the long time behavior of a tame 
flow. 

Definition 3.1. Suppose $:MxX— >^Xisa continuous flow on a topological space X. 
Then for every set ^ C X we define 

^+{A) = (j ^t{A) = $([0,oo) X A), = U ^t{A) = $((-oo,0] x A) 

t>0 t<0 

= $(M xA) = ^+iA) U 

We will say that ^±{A) is the forward/backward drift of A along and that ^{A) is the 
complete drift. □ 

The next result follows immediately from the definitions. 

Proposition 3.2. If ^ is a tame flow on X then for every tame subset A C X the sets 
^±{A) and ^{A) are tame. □ 
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Theorem 3.3. Suppose ^ is a continuous flow on the tame set X . Consider the flow G$ := 
Tx<J>x<I> onM X X X X , where T denotes the translation flow on R and = ^-t- Denote 
by Aq the initial diagonal 

Aq = {{0,x,x) eRx X X X}. 
The following conditions are equivalent. 

(a) ^ is a tame flow. 

(b ) The complete drift of Aq along is a tame subspace ofMxXxX. 

Proof, (a) =^ (b). Since $ is tame we deduce that G$ is tame and we conclude using 
Proposition 13.21 

(b) =^ (a). Observe that 

G$(Ao) = {(t,xo,xi) G M X X X X; 3x £ X : xo = ^-t{x), xi = }. 
Consider the tame homeomorphism 

F:RxXxX^RxXxX, {t,xo,xi) i — > (s, yo,yi) ■= (2t, xo,xi) 
and observe that F maps G^{Aq) onto the graph of the flow □ 

Corollary 3.4. Suppose that the flow ^ on the tame space S is tamely conjugate to the 
translation flow on M. Then a flow ^ on the tame space X is tame if and only if there exists 
sq G S such that the total drift of the diagonal 

= {{so,x,x) gS X X X X} 

with respect to the flow ^ x ^ x ^ is tame. □ 

In applications S will be the open semi-circle 

S = {{x,y) £R^; x^ + y^ = l, x > 0} 

equipped with the negative gradient flow of the height function /i(x, y) = y. As origin of s we 
take So = (1) 0). As explained in Example 1 2 . 6 1 this flow is tamely conjugate to the translation 
flow on M. The following result is an immediate consequence of tameness. 

Proposition 3.5. Suppose X is a tame compact set of dimension d, S is the open semi-circle 
equipped with the flow ^ described above, and ^ is a tame flow on X. We set st := ^tiso), 
So = (1,0) G S. Then <I> has finite volume, i.e. the image of the graph of ^ via the tame 
diffeomorphism 

RxXxX^SxXxX, (t, xo,xi) {st, xo,xi) 
has finite {d + \)- dimensional Hausdorff measure. 

Proposition 3.6. Suppose ^ is a tame flow on the compact space X. Then there exists a 
positive constant L = L{X, ^) such that every orbit of ^ has length < L. 

Proof. Consider the roof 

CMx X X X 




X X 



where 



i{t, xo,xi) = XQ, r{t, XQ, xi) = XI. 
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This roof describes the family of subspaces of X, {Ox)xgx, where 

Ox = r{r\x)) ={Mx); teR}. 

We see that Ox is the orbit of the flow through x, and thus the family of orbits is a definable 
family of tame subsets with diameters bounded from. The claim in the proposition now 
follows from the Crofton formula and the definability of Euler characteristic. □ 

Proposition 3.7. Suppose that ^ is a tame flow on the compact tame space X. Then for 
every x E X the limits lini/^-i-oo ^{x) exist and are stationary points of the flow denoted by 
^±00 (a^)- Moreover, the resulting maps 

$±00 : ^ ^ ^ 

are tame. 

Proof. Clearly the limits exist if a; is a stationary point. Assume x is not a stationary point. 
Then the orbit ^{x) is a one-dimensional tame subset and its frontier 

Fr ^{x) = clos \ ^{x) 

is a tame, zero dimensional, ^-invariant subset. In particular it must be finite collection of 
stationary points, {xi, . . . , x^}. Choose small, disjoint, tame, open neighborhoods Ui, . . . ,Ui, 
of xi, . . . , Xi^, and set 

U=\JUk. 

k=l 

Then the set S = {t £ R; G U} is a tame open subset of R, and thus it consists of 

finitely many, disjoint open intervals, /i, • • • , In- Since the set {xi, . . . , xn} consists of limit 
points of the orbit, one (and only one) of these intervals, call it /+, is unbounded from above, 
and one and only one of these intervals, call it is unbounded from below. Then there 
exist x± G {xi, . . . ,x,^} such that <I>t(a;) is near x± when t G I±. We deduce that 

Fr$(x) = {x+| and lim = x±. 

Denote by r='= the graph of $±00 • We deduce that 

(x, y) G r+ <^ Ve > 0, 3r > : dist (<^>t(a;), y) < e, \/t > T. 
This shows r+ is definable. A similar argument shows that T~ is tame. □ 

Definition 3.8. Suppose $ is a tame flow on the compact tame space X. 

(a) We denote by Cr$ the set of stationary points of $ and for every x G Cr$ we set 

W+{x,^) := $-i(x), W-{x,^) := $:J,(x) 

and we say that W'^{x,^) is the stable (resp. unstable) variety of x. 

(b) For Xo, xi e X we set 

C^{xo,Xi) :=W~{xo,^)nW+{xi,^) = {z e X; x = ^^^{z), y = ^^{z)}. 

We say that C^{xo,xi) is the ^-tunnel from xq to xi. Observe that all the spaces Cr$, C$ 
and W'^{—, $) are tame subspaces. □ 
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Example 3.9 ( Tame homoclinic orbits). It might be tempting to believe that for a tame flow 
$ on a compact tame space X, and a stationary point x of $ the tunnel C#(x, x) consists only 
of the stationary point. However it is easy to produce an example when C^{x,x) contains 
nontrivial orbits as well. 



(0,1) 




Figure 4. The stereographic projection of the translation Eow. 



Consider a round circle C of radius 1 in the Euclidean plane and a line tangent to it (see 
Figure |3|) at a point S. Denote by N the point on the circle diametrically opposed to S. 
We obtain a flow on the line by linearly identifying it with the real axis. Via stereographic 
projection from we obtain a tame flow on the complement of N in the circle. This extends 
to a tame flow (j)t on the circle by declaring to be a stationary point. The tunnel from N 
to itself contains one nontrivial homoclinic orbit and in fact C{N,N) is the entire circle. 

Let us express this flow in coordinates. Assume the circle is given by + = 1 and 
the line is given by y = —1. The North Pole has coordinates N = (0, 1). We use angular 
coordinate 9 = 0{x,y) so that (9(0, 1) = 0, 0(1,0) = f (see Figure H Then 

9 2 

y = cos9, X = sin0, tan(-) = — - =^ ^ = — 2cot(6'/2) 



and therefore 

d9 

sm 

Hence 



= ■ 27./^, = (1 + cot\9/2))d9 = (1 + erne. 

sm {9/2) 



^, — = 2sm^(9 2) — 

A + e dO 



This shows the flow is generated by real analytic vector field on with a degenerate zero at 
the North pole. 

Let us notice, that this flow has the Harvey-Lawson property: for every differential form 
a on 5^, the pullbacks converge as currents to a real flat chain as t ^ oo. 
Suppose a is a smooth 1-form on the circle. We regard a as a current and we set 



(a, P) = Pa 



c 



We would like to investigate the behavior of the current cp^aast oo. We use the coordinates 
^ on C \ {N}. The form a = a{9)d9 changes to 



4fl(g) 
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In the coordinates ^ the flow is described by $t(^) = ^ + t. Then 



^tOil3= I a(p-tP= / 1-—^ d^ 



ic' ' Jc J-oo 

Using the dominated convergence theorem and the fact that hmt-^.oo — t) = we 
deduce 



hm / (I)lal3 = f3{N) / a 



C JC 



Jc 



so that (f)fa converges as a current to (^JqCX^Sn where (5jv is the Dirac 0-current concentrated 
at AT. □ 



Suppose $ is a tame flow on the compact tame space X. Assume that Cr$ is finite. 
Observe that we have a natural action of on M x X x X given by 

(.so,.si) • {t,xo,xi) := [t + si - so,^s^^{xo),^si{xi)). 

We denote byFcMxXxX the graph of and we observe that T is invariant with respect 
to the above action of M?. We denote by F* C X x X the graph of by f the closure of 
r in [—00] X X X X, and by r'^°° the part of T over ±00. Extend the above M^-action to 
[—00, 00] X X X X by setting 

(so,si) • (±oo,xo,xi) := {±oo,^so{xo),^siixi)). 

For every subset 5 C X x X we denote by *S the reflection of 5 in the diagonal, i.e. 

*S = {{xo,xi) £ X X X; {xi,xo)£S} 

Proposition 3.10. F and F='=°° are tame, M."^ -invariant subsets o/[— cxd,oo] x X x X. More- 
over, 

-p—00 * -pCX) 

{x} X W-{x,^), W-^{x) X {x} C F°°, 
dimF=^°° = dimX = dimf - 1. 

Proof The first part follows from the tameness of F and the continuity of the R^-action. 
Suppose {xo,xi) G Foo. Then there exist sequences (xn) C X, t„ — 00 such that 

{Xn,^tnXn)) {xo,Xi). 

Let yn •■= ^tn{xn)- Then Xn = ^-t„{yn), and we deduce 

{xi,xo) = lim {yn,^-t„{yn)) e F_oo. 

tn— +00 

Let y e W-{x,^). Then 

iy,x) = hm iy,My)) e r_oo =^ ix,y) G*F— = F~. 

I— >oo 

Hence {x} x W~{x,^) C F°^. The inclusion W~^{x,^) x {x} C F°° is proved in a similar 
fashion. 

Prom the equality F°° U F~°° = 7 \ F we deduce 

dim F±oo < dim F — 1 = dim X. 

On the other hand, 

dimF~ > max W^{x,^). 
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If we observe that 

X\Cr$= y W+{x,^)\{x} = y W-{x,^)\{x}, 

we deduce from the scissor equivalence principle that 

dimX = max W^{x,^) = max W^{x,^), 

which proves that dimr°° = dimX. □ 

Example 3.11. Consider the flow $ on described in Example 13.91 consisting of one 
stationary point and a single homoclinic orbit. Then 

Too = {N} X S^US^ X {N} cS^ X S\ 

Consider the gradient flow on described in Example 12.61 It consists of a repeller A^, an 
attr actor S and two orbits going from N to S. Then 

Too = {iV} X S^U^i X {5}. □ 

4. Tame Morse flows 

For any smooth manifold M, and any differentiable function / : M ^ M, we denote by 
Crj C M the set of critical points of /, and by C M, the discriminant set of /, i.e. the 
set of critical values of /. For every positive integer A and every positive real number r we 
denote by B'^(r) the open Euclidean ball in of radius r centered at the origin. When r = 1 
we write simply B''*. 

Definition 4.1. Suppose M is a compact, real analytic manifold of dimension m. 

(a) A Morse pair on M is a pair (^, /), where ^ is a vector field on M and / : M ^ M is 
a C^, Morse function on M satisfying the following conditions. 

• C-/<OonM\Cr/. 

• For every critical point p of / of index A there exist an open neighborhood Up of 
p £ M, a C^-diffeomorphism, 

and real numbers fii, . . . , fim > such that ^'(p) = 0, and 

i<X j>\ 

where (tt*) denote the Euclidean coordinates on B"^. 

(b) The Morse pair (/, ^) is called tame if the function / is tame, and the changes of coordi- 
nates ^ are tame. 

(c) We say that the coordinate chart (Up, ^) is adapted to (^, /) at p, and we define 

|n_p = In-'P, = In-'p, /i := 2 max(/ii) + 1 

if p is a local max or local min 

E{u) := { ( ^(n^)^/'^' ) • ^(u^y/^^ ) if p is a saddle point, < A < m. 

i<X j>\ 

^ V ' ^ V ' 

E-{u) E+{u) 
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(d) For every triplet of real numbers £,S,r > we define the block 

'Bp{e,S,r):={ueUp; \f{u)-f{p)\<s, E{u) < 5, \u-\^ + \u+\^ < r""} . 

(e) A Morse flow on a compact real analytic manifold M is the flow generated by a C^-vector 
field ^, where for some C^-function / : M — R the pair (/, ^) is a Morse pair on M. □ 

In the above definition note that /////j > 2 for any i, and thus, if the pair (/, is tame, 
the function E{u) is a tame C^-function. Observe also that in Up we have 

^■E^ = ±nE^, 

so that ^ ■ E = 0, i.e., the quantity E is conserved along the trajectories of ^. In the sequel 
we will need the following technical result. 

Proposition 4.2. Suppose (^, /) is a Morse pair, and p G Crj. Then there exists ro = 
^o(/) > such that for every r > there exist e,f,5r > such that 

Sp(e,5,ro) C %{e,5,r) C D™(r), VO < e < e^, < 5 < (5^. 

In other words, no mater how small r is we can choose e, (5 > sufficiently small so that 
the isolating block 23p(e, 5, ro), a priori contained in D"^(ro) is in fact contained in a much 
smaller ball D"^(r). 

Proof. Assume f{p) = 0. The statement is obviously true if p is a local min or a local max. 
We assume p is a saddle point and we denote by 

H : TpM X TpM R 

the Hessian of / at p. There exist C = C{f) > 0, and a = q;(/xi, . . . , ^m) > 1 such that, 

\f{u)-^Hiu)\<C{\u.f + \u+f), -E±(u) > |n±p°, VK| + |n_| <1. 

We deduce that if u G 'Bp(e, 6, r) and r < 1 then 

-e + C{\u^f + \u+f) < ^H{u) <s + C(|u_|3 + \u+f), 

|u±|<r, • |u+| < (5^/". 
Now observe that there exist constants < a < 1 < 6 such that 

a b 2 

Putting all of the above together we deduce that there exists Ci = Ci(/) > 1 such that if 

u G 23p(e, 5, r) and r < 1 

then, 

— (-£ + \u-\^ + \u+f) < + <Ci{e + \u-f + \u+f), 

and 

|^x_| • \u+\<S^/°'. 

Now fix ro = 2^ < 1. We want to show that for every r < ro there exist £,6 > such that 

Sp(e,5,ro) CB-(r). 

We argue by contradiction, and we assume there exists < r < ro such that, for any 
£,S > 0, we have 

Sp(£,5,ro)^B-(f). 
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We deduce that we can find a sequence u„ G 'Bp(l/n, l/n,ro) such that |ti„| > r. Set 

Sn ■■= \ iUn)-\, tn ■= \ iUn)+\. 



^^2 , ^2 ^ ^2 

1 / 1 



We deduce that s„ + r„ > r , and 



Gi n n 
The condition 

Sntn < n"^/", < s„, t„ < ro 



2Ci 

imphes that a subsequence of converges to Soo G [0,ro], a subsequence of tn converges to 
too G [0,ro] and 



We observe that too / because, if that were the case, we would have 



Hence we must have Soo = and too 7^ 0. We deduce 

1 1 

tL < Citl^, too > r ^ — < too < 



Ci - ^ - " 2Ci 

We have reached a contradiction. This concludes the proof of Proposition 14.21 □ 

The above proposition implies that for r < rg, and any e,5 sufficiently small, we have 

aSp(e,,)>o)naD™(r) = 0. 

When this happens we say that Sp(e,(5, ro) is an isolating block of p. The boundary of such 
an isolating block has a decomposition 

d'Bpie, 6, ro) = d+'Bpie, 6, tq) U 9_'Bp(e, 6, tq) U do'Bp{e, 6, ro), 

where 



a±a3p(e, 6, ro) = 5 ro) n {/ = f{p) ± e}, 

and 



do-Bpie, 5, ro) = Sp(e, 5, ro) n {^(^x) = 5}. 

The function -E(n) is twice differentiable (since /u/^Uj > 2), and it is constant along the 
trajectories of ^ while / decreases along these trajectories. This implies that no trajectory 
of ^ which starts at a point 

q G {f{p) -e<f< f{p) + e} \ Hpie, 6, ro) 

can intersect the block 'Bp{e,5, ro). 

Theorem 4.3. Suppose (^, /) is a tame Morse pair on M such that ^ is real analytic. Then 
the flow generated by ^ is tame. 

Proof. First, let us introduce some terminology. Suppose (^, /) is a tame Morse pair on the 
real analytic manifold and $ : M x M ^ M is the flow generated by For every set subset 
^ e M we set 

^^:=|yeM; 3t > 0, x e A : y = $i(x)|. 
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In other words, is the forward drift of A, i.e. the region of M covered by the forward 
trajectories of ^ which start at a point in A. We define similarly 

A~^ := £ M; 3t<0, x £ A : y = $i(x)|. 

Step 1. Let c £ Af. We will show that there exists a = a{c) > such that, for any 
e G (0, a), and any tame set ^ C {c — e < / < c + e}, the intersection 

A^{e) :=A^n{c-e<f<c + e} 

is a tame set. 

Let 7 > such that the only critical value of / in the interval (c — 7, c + 7) is c, and set 

Cr^^:=Cr/n{/ = c}. 

Crj is a finite set. We can find eo) '''0 > such that, for every e < Eq, and every p £ Crj, the 
blocks 'Bp := 'Bp{e,e,ro) are isolating, and their closures are pairwise disjoint. Set 

a = min(7,eo)- 

For < e < a, p £ Cr^, and any tame subset 

Ac{c-e<f<c + e} 

we set, 

Ap:= An'Bp{e,£,ro), B, := |J Sp(e,e,ro), 

peCr^ 

Z, = {c-e < f <c + e}\'B„ A, = AnZ,. 

Since 

A = A, U ( [j Ap) 

it suffices to show that each of the subsets A^{e)^ and Ap{e)^ is definable. 

Note first that, since the isolating blocks Sp are definable sets, each Ap is definable. 

For p £ Cr'j we denote by Ap its index, and we choose a coordinate chart {Up, "^p) adapted 
to (C) /) near p such that 

q>^{u) = (e^i*n\ • • • , e'^^*n\ e-'^^+i V+\ • • • , e-'^™*u"). 

We deduce that 

A^r\{c- e < f < c + e} 

= {u£Ap; 3t>0: (e'^i V, • • • , e^^ V, e'^^+i • • • , e-'^-*n'") E Sp, } 

This shows Ap is definable. 

Note that no trajectory of ^ starting on will intersect the neighborhood "Bg of Cr'j. Let 

m := infj |^ • f{x)\; x £ 

Observe that m > 0. Fix T > ^. We deduce that 

\/x£Ze, <^t{x) £ if < c- e}. 

Since the vector field ^ is real analytic we deduce from the Cauchy-Kowalewski theorem (in 
the general form proved in [HI L§7]) that the flow map 

<^ : [0,T] X M ^ M 

is real analytic. 
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Observe that 

A,{e)^ = e M; \f{y)-c\<e, 3te[0,T], 3x e A, : ^t{x) = y] ■ 

This shows A|(e) is definable. In particular, wc deduce that for e < (t{c), and every definable 

Ac {c- e < f <c + e} 
the set A^ n {c — e < f < c + e} is also definable. 

Step 2. Suppose the interval [a, b] contains no critical values of /. Then for every tame set 
^ C {a < / < 6} the set 

-4^ n {a < / < b}, and n {a < / < b} 
are also tame. Indeed, let 

m:=inf{|e-/(x)|; a < /(x) < 6, }. 
Since the interval [a, b] contains no critical values we deduce that m > 0. Fix T > Then 

yxe{f = b}, $T(x)G{/<a}. 

Observe that 

A^ n f-\[a,b]) = {y e M; a<f{y)<b, 3t e [0,T], x e A : y = ^T{x)}. 

We deduce from the above description that A^ n f~^{[a, b]) is definable since A is so and the 
map $ : [0, T] X M — M is real analytic. 

Step 3. Suppose ^4 is a tame subset of N. Then A^ and A^^ are also tame. To prove this 
we must first consider an f -slicing. This is a finite collection of real numbers 

ao < ai < ■ ■ ■ < an 

with the following properties. 

• f{M) C [ao,a„]. 

• is a regular value of /, Vi = 0, • • • , n. 

• Every interval [a^-i, Oj], < i < n contains at most one critical value of /. 

• If the interval [aj_i,aj] contains one critical value of / then this critical value must 
be the midpoint 

Ci = 

2 

Moreover, the interval [ai,ai_i] is very short, i.e., (oj — aj-i) < a{ci). 
Fix an /-slicing oq < • • • < a^, and a tame set A C M. Now define 

Mi := /-i(k_i,ai]), d.Mi = {/ = a^-i}. 

Then 

A^ = \J{AnMif. 

i 

We will prove by induction over i that for every tame set B C Mj the set is also tame. 
For i = I, the interval [ao,ai] must contain a critical value, the absolute minimum and we 
conclude using Step 1 since 

B cMi^B^ CMi^B^ = B^n Mi. 

Consider now a tame set B C Mj+i. Then 

B^ = B^n Mi+i U {B^ n 5_Mi+i)^. 
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tame by Step 1, if the interval [oj, Oj+i] contains a critical value, or by Step 2, 
if the interval [ai,aj+i] contains no critical value. 
Now observe that 

n 5„Mi+i = {B^ n Mi+i) n 9_Mi+i 

so that B^^^-Mi-^-l is a tame subset of 9_Mj_|_i C Mj. The induction hypothesis now implies 
that {B^ n 5_Mi+i)« is tame. 

Step 4. Conclusion. Suppose /) is a tame Morse pair on M. We construct a new tame 
Morse pair /) on 5^ x M x M defined by 

/>, X, y) = ho{e) - fix) + f{y), V(p, x,y) e x M x M, 

where /iq : 5*^ ^ M is the height function we considered in Example 12. 6i Similarly 

i{e,x,y) = Coio)®-ax)®ay), 

where is the gradient of —ho. Denote by the point (1,0) on the unit circle and let 

A = {{9o,x,x) eS^ xX xX}. 

By Step 3 the set 

G = A^UA-^ = i^{6,u,v) e X M X M; 3t£R, x £ M : {9,u,v) = ^i{eo,x,x)^ 

is tame. Since the negative gradient flow of /iq in the open half-circle S = {x^+y^ = 1; x > 0} 
is tamely conjugate to the translation flow on M we deduce from Corollarv 13.41 that is a 
tame flow. □ 

Theorem 4.4. Suppose X is a compact, real analytic manifold and f : X ^ M is a real 
analytic Morse function. Then for every real analytic metric go on X and every e > there 
exist a real analytic metric g on X with the following properties. 

• Ibo - aWc^ < £• 

• (/, — V^/) is a tame Morse pair. 

In particular, the flow generated by — V^/ is a tame Morse flow. 

Proof. The proof is based on a simple strategy. We show that we can find real analytic metrics 
g arbitrarily C^-close to go such that the gradient vector field V^/o can be linearized by a real 
analytic change of coordinates localized in a neighborhood of the critical set. The linearizing 
change of coordinates is obtained by invoking the Poincare-Siegel theorem [U Chap. 5] on 
the normal forms of real analytic vector fields in a neighborhood of an isolated stationary 
point. 

We digress to recall the Poincare-Siegel theorem. Suppose Z is a real analytic vector field 
defined in a neighborhood 'N of the origin of the Euclidean vector space M". Assume that 
is an isolated stationary point of the vector field Z. If we regard Z as a real analytic map 

Z -.y^^R^ 

then we obtain a Taylor expansion near 

Z{x) = L ■ X + higher order terms, x G Jsf, 

where L : M" — > M*^ is a linear operator. We regard it as a linear operator ToM" — > ToM". As 
such, the operator L is independent of the choice of coordinates. More precisely, for every 
linear connection V on the tangent bundle TM" we have 

Lv = (V^Z)o, G ToM". 
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The Poincare-Siegel theorem describes conditions on L which imply the existence of real 
analytic coordinates y = (y^,--- ,2/") near G M" such that in these new coordinates the 
vector field Z is linear, 

Z{y)=Ly = Y,y'Ldy,- 

3 

We describe these conditions only in the case when L is semisimple (diagonalizable) and all 
its eigenvalues are real since this is the only case of interest to us. 
Denote the eigenvalues of L by 

Ml < < • • • < ^n- 

We write 

We say that L satisfies the Siegel (C, z^)-condition if, for any k = 1, . . . ,n, and any rh = 
(mi, • • • , m„) S (Z>o)" such that 

|m| := nil + • • • + > 2, 



we have 



(J 

\Hk - irh,fl)\ > 



We denote by %c,v C M" the set of vectors /2 satisfying the Siegel (C, i^)-condition, and we 
set 

Si^ := Sc,i/- 

oo 

Then the set M" \ 8,^ has zero Lebesgue measure if > [1, §24. C]. In other words, if we 
fix 1/ > then almost every vector /2 € M" satisfies the Siegel (C, i/)-condition for some 
C > 0. We can now state the Poincare-Siegel theorem whose very delicate proof can be found 
in [B Chap.5] or 

Theorem 4.5 (Poincare-Siegel). Suppose that the eigenvalues (/ii, . . . , /J-n) satisfy the Siegel 
{Cjiy) condition for some C > and v > 0. Then there exist local, real analytic coordinates 
y = {y^,...,y") defined in a neighborhood of £ M" such that, in these coordinates, the 
vector field Z is linear, 

Z{y)=L{y). □ 
After this digression we return to our original problem. 

According to [17J, can find a real analytic isometric embedding of {X, go) in some Euclidean 
space M^. For every real analytic metric 51 on X we set Zg := V^/o G Vect(X). For every 
Po G Crjo we denote by Lg^p^ : Tp^X Tp^X the linear operator defined by 

Lg,poV := (V^Zg)p(j, \/v G Tpf^X, 

where V is any connection on TX. Since Zg{pQ) = 0, the operator Lg^p^ is independent of 
the choice of the connection V. 

The operator Lg^p^ is symmetric (with respect to the metric g) and thus diagonalizable. 
More precisely, if we choose local analytic coordinates on X near pQ G Crj^ such that dx^ 
form a (/-orthonormal basis of Tp^^X which diagonalizes the Hessian matrix ((?^i^j/o(po) ) 
then 

Zg = J29''id.,fo)dx. 
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i,j 

We want to prove that arbitrarily close to any real analytic metric g we can find real analytic 
metrics h such that for every pQ G Crj(, there exist real analytic coordinates y so that in 
these coordinates the vector field Z^^p^ has the linear form 

Zh,po{y) = Lh,po{y)- 

Here is the strategy. Near each pQ choose local analytic coordinates (x* = Xp^) as above, 
meaning that (d^i) is a g'-orthonormal basis of Tp^X which diagonalizes the Hessian matrix, 
i.e. 

If h is another metric on X then the above computation shows that 

Denote by Sym"'"(n) the space of positive definite, symmetric n x n matrices. We will show 
that for any map 

A : Cr/o Sym+(n), p>-^ Ap 

close to the identity map 

I ■ Cr/o Sym+(n), p ^ In, 

there exists a real analytic metric h, close to g, such that, for every p G Crj^^, the matrix 

describing at p in the coordinates (x^) chosen above is equal to A~^. In other words, we 
want to show that as h runs through a small neighborhood of g, the collection of matrices 

i<i,j<n ^ Sym+(n) 

spans a small neighborhood of the identity map. This is achieved via a genericity result. We 
can then prescribe h so that at every p G Crj^ the linearization Lf^ p satisfies the conditions 
of the Poincare-Siegel theorem. 

To prove that we can prescribe the metric h any way we please at the points in Crj^ we 
will prove an elementary genericity result. To state it we need a bit of terminology. 

Fix a finite dimensional Euclidean space E and denote by y^i^^ , E) the vector space 
of polynomial maps M'^ ^ £" of degree < d. For every iiJ-valued, real analytic function / 
defined in the neighborhood of a point x G M^, and every nonnegative integer k we denote 
by jkif, x) G 0'jfc(M", E) the A;-th jet of / at x. 

Lemma 4.6. Let B C he an open hall and S d B a finite suhset. For every integers 
d > k > define the linear map 

ses 

Then evd,k is onto ifd> 2{k + 1)\S\ - 2. 
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Proof. It suffices to show that for every sq € S, and every Pq G J'fc(M^,]R^) there exists 
/ G yrf(M",R^) such that 

jk{f,so)=jk{Po,so) jk{f,s) = 0, Vs / so. 

Clearly it suffices to prove this only in the case £ = 1. For every s € S define 

Ps{x) = \x- E y2(K^,K). 

Observe that 

=0, Vsg5, Vfc>0. 

Now define 

Qso= Up'^'^ degQs, = 2{k + l){\S\-l). 

Observe that for every polynomial function p we have 

jk{pQso,s) =0, Vs / So- 

The function 1/Qso is real analytic in a neighborhood of sq, and we denote by G yfc(M^,M) 
the /c-th jet of l/Qso at sq. Then 

jkiRsoQsoiSo) = 1. 

Now define 

f = PoRsoQso, degf = k + k + i2k + 2){\S\-l) = 2{k + l)\S\-2. 

Then 

jkif,So) = jk{jkiPo,So) ■ jkiRsoQso,So),So) =jkiPo,so), 

and 

jk{f,s) = 0, Vs / So- □ 

Suppose now that the set S lies on the compact real analytic submanifold X C M^. By 
choosing real analytic coordinates on X near each point s £ S we obtain locally defined real 
analytic embeddings 

i.-.UsCW" ^R^, is(0) = s, is{Us)cX. 

Here, for every s G 5, we denoted by Us a small, open ball centered at G M", n = dimX. 
In particular, for every Euclidean vector space E, and every positive integer k we obtain 
surjective linear maps 

TT, : n(M^, E) ^ E), 'Pk{R^,E) 9 / ^ / o i„ 0). 

For X G X we denote by Jk{X, x, E) the space of A;-jets at x of £'- valued real analytic maps 
defined in a neighborhood of x. If / is such a map, then we denote by x) G Jk{X, x, E) 
its fc-th jet. We topologize yd(M^,£') by setting 

I/I = II/IIC2(X) 
Lemma 14.61 implies the following result. 



The idea of this proof arose in conversations with my colleague R. Hind. 
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Lemma 4.7. Suppose S is a finite subset of X. Then for any finite dimensional Euclidean 
space E, and any integer d > 2|5| — 2 the linear map 

ew.'S'M'' ,E) ^\{UX,s,E), f^{j^{f,s))^^g 

ses 

is onto. In particular, for every e > 0, the image of an e -neighborhood o/ G yrf(R^,M) is 
an open neighborhood of in flgg^ Jo(X, s, -E). □ 

We now specialize E to be the space Sym(A^) of symmetric bilinear forms M'^ x M, 
and thus the space of functions 

^ Sym(A^) 

can be viewed as the space of deformations of Riemann metrics on M^. The metric go on X 
is induced from the Euclidean metric S on M^. If we deform 6 



6^d + h, heTdi^^,E), d>2\S\, 

and \h\ is sufficiently small, then 5 + h will still be a metric on a neighborhood of X in R". 

Fix s ^ X. Choose affine Euclidean coordinates {y'^)i<a<N on such that = 0, 

Vq. Choose local real analytic coordinates (x^, • • • , x") on X in a neighborhood Us of s such 
that x^{s) = 0, Vj. Along X near s the vector field is represented by the vector field 

a 

If 

g{dyc. ^dyfi) = {5 + h){dy^ ,dyp) = d^p + ha/s 

then 

■ ()y^ Sy^ dy'^ dy^ 

9{dx^,dx^) = 2^[5ap + Kp)^-Q-=9Q{d^^,d,,) + }^h^p^^. 

a,f3 a,l3 

We think of gij{x) as a real analytic map from Ug to the space of symmetric n x n matrices, 
of a real analytic map Y from Ug to the space of N x n matrices, and we think of /i as a 
real analytic map from Us to the space of symmetric N x N matrices. Then 

g = go + Y'h\u^Y. 

Along Us we write 

y = y(o) + o(i), h = h{o) + oii) 

so that 

5 = 5o + i^(o)*/i(o)y(o) + o(i). 

y(0) : R" R^ is an injective map as it describes the canonical injection TsX ^ T^R^. 
The correspondence 

Sym(iV) 3 hi — > := Y\0)hY{0) G Sym(n) 

is a linear map. Intrinsically, V is the restriction map, i.e. 

y{h){u,v) = h{u,v), yu,v eTsX cTsW. 

This shows that y is onto, because any symmetric bilinear map on TsX can be extended 
(in many different ways) to a symmetric bilinear map on R^. This concludes the proof of 
Theorem 14. 4i □ 



We can refine the above existence result some more. 
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Theorem 4.8. Suppose M is a compact, real analytic manifold, dimM = m,, f : M ^ M. is 
a real analytic tame Morse function. For every critical point p of f we denote by X{p) the 
Morse index of f at p. For every p € Crj, we choose a vector 

a{p) = (ai(p),...,a^(p)) G M"^ 

such that 

ai < ■■■ < ax(p) < < aA(p)+i < • • • < a™,- 

Then, for every e > 0, we can find a real analytic metric g on M , such that for every critical 
point p of f there exist real analytic coordinates (x*) near p, and a vector b = b[p) G M™" with 
the following properties. 

(a) x^{p) = 0, Vi = 1, . . . , m. 

(b) \b{p)-a[p)\<e. 

(c) In the coordinates (x*) the vector field V^f is described by, 

m 

V3f = Y,hx'd,.. 

i=l 



Proof. From the Morse lemma we deduce that we can find a smooth metric go on M with 
the property that for every critical point p there exist smooth coordinates (y*) near p with 
the property that 

y\p)=0, Vi = l,2,...,m 

and 

m 
i=l 

Now choose a real analytic metric gi, sufficiently close to go such that the linearization of 
V^^/ at p is given by a diagonalizable operator Lp : TpM — > TpM with eigenvalues 

h{p) <---<lm{p) 

satisfying 

\i{p) - a{p)\ < |, £{p) = {h{p), . . .,im{p))- 

Using Theorem 14.41 we can find a real analytic metric g on M such that the gradient vector 
field V^/ can be linearized by an analytic change of coordinates in a neighborhood of every 
critical point, and for every critical point p the linearization of V^/ at p is a diagonalizable 
linear operator Bp : TpM TpM whose eigenvalues 

blip) <■■■ < bmip) 

satisfy 

IKp)-/(p)|<|. 

This completes the proof of Theorem I4.8[ □ 
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5. Tame Morse-Smale flows 

Suppose (/, ^) is a tame Morse pair on the compact real analytic manifold M, dim M = 
m, such that the flow <I>^ generated by ^ is tame. Then, for every critical point p of the 
Morse function / we denote by W~^{p,(,) (respectively W~{p,(,)) the stable (respectively the 
unstable) variety of p with respect to the flow Then W~{p,^) is a C^-sub manifold of M 
homeomorphic to M^(p\ where X{p) denotes the Morse index of / at p. Similarly, W^{p,^) 
is a C^-submanifold of M homeomorphic to W^~'^^P\ 

We say that satisfies the Morse-Smale condition if, for every pair of critical points p, q 
such that f{p) > f{q), the unstable manifold of p intersects transversally the stable manifold 
of q. 

Theorem 5.1. Suppose M is a compact, real analytic manifold of dimension m, and {f,i) is 
a tame Morse pair such that both f and ^ are real analytic. Denote by the flow generated by 
^. Then there exists a smooth vector field rj, which coincides with ^ in an open neighborhood 
of the critical set of f , such that the pair (/, rj) is a tame Morse pair, the flow generated by 
T] is tame and satisfies the Morse-Smale condition. 

Proof. We follow closely the approach pioneered by S. Smale (see e.g. [3ll Section 2.4]). For 
simplicity, we assume / is nonresonant, i.e., every critical level set of / contains a unique 
critical point. Suppose the critical points are 

Po,--- ,Pv, fiPo) < f{pi) < ■ ■■ < f{Pu)- 
For simplicity, we set Ck ■= f{pk)- Define 

h = min (cfc - Cfc-i). 

k=l,...,u 

We will prove by induction that for every k = 0, 1, . . . , i^, and for every < e < j^jj, there 
exists a tame C°° vector field r/^ on M with the following properties. 

• m = i- 

• Vkix) = VO < j < A;, Vx G M such that /(x) (c^ — 2e, — e). 

• The pair (/, ry^,) is a tame Morse pair. 

• The flow generated by r/^ is tame and 

W-{pj,rjk)(hW-^{p^,i]k), yo<i<j<k. 

The statement is trivial for A; = so we proceed directly to the inductive step. Assume we 
have constructed t/q, • • • , and we want to produce Denote by the flow generated 

by r/fc. Set Z := {f = Ck+i — e}. Then there exists r > such that 

Vz e Z, Vt E [0, t] : fi^tz) >Ck- 2e. 

Set (see Figure [5]) 

:=$^(Z,), Sr = Sr= [j <^HZ), a = [0,r]xZ, 

te[o,r] 

and define 

X = w-{Pk+i,7]k)nz, Y=\Jw+{pk,7]k)nz. 

3<k 
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z z 




Figure 5. Truncating a Morse Eow. 



Z is a real analytic manifold, X is a compact, real analytic submanifold of Z^, while y is a 
smooth submanifold of Z^. From to the classical transversality results of Whitney (see |42j 
or |21l Chap. 3, 8]) we deduce that there exists a smooth map 

h:[0,T]xZ^Z, {t,z) ^ ht{z) 

with the following properties. 

• ho{z) = z, Vz G Z. 

• ht is a diffeomorphism of Z, Vt G [0, r]. 

• hr{X) intersects Y transversally. 

Using the approximation results in [341 Theorem 6] we can assume that h is real analytic. 
Now choose a smooth, increasing tame function 

q: [0,r] ^ [0,r] 

such that a{t) = for all t near zero, and a{t) = r, for all t near r. Define 

: [0,r] X Z^Z, Ht{z) := K^t){z). 

In other words, H is a smooth, tame isotopy between the identity Iz and hi, which is 
independent of t for t near and r. 

The tame flow defines a smooth tame diffeomorphism (see Figure [5]), 

H : a = [0,r] X Z ^ Sr, Et{z) = ^^{z). 

The diffeomorphism H maps r/^ to the vector field dt on Cr- 
Using the isotopy H we obtain a smooth tame diffeomorphism 

H:Cr^Cr, H{t,z) = Ht{z), 

such that 

H^dt = dt near {0} x Z and {1} x Z. 
The pushforward of the vector field r]k \ via the diffeomorphism 

F = Eo H oE-^ : Sr ^ Sr 
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is a smooth vector field which coincides with rik in a neighborhood of Z and in a neighborhood 
of Zt-. Now define the smooth vector field rjk+i on M by 

|F*r?fc(x) X e Sr. 

r]k+i is a smooth vector field, and we denote by $'^+^ the flow on M it generates. Observe 
that %+i coincides with the original vector field ^ in an open neighborhood of the critical 
set of /, and / decreases strictly on the nonconstant trajectories of rjk+i- By construction, 
we have 

W-{pj,r]k+i) dl W+{pi,r]k+i), yO<i<j <k + l. 
We want to prove that it is a tame flow. Wc will prove that the maps 

: [0, oo) X M ^ M, $^+^ : (-00, 0] x M ^ M 

are definable. We discuss only the first one, since the proof for the second map is completely 
similar. 

Observe first that, H extends to a tame diffeomorphism 

Rx Z ^Rx Z. 

We denote by the tame flow Rx Z obtained by conjugating the translation flow with H, 
i.e., 

We divide M into three definable parts 

Sr, M+ :={/>Cfe+i-e}, M_ := M \ (5^ U M+). 
We now have definable functions 

r+ : M+ ^ (0, 00], To, s:Sr^ [0, r], 
T^{x) := the moment of time when the trajectory of ^^^^ originating at x intersects Z. 
To(x) := the moment of time when the trajectory of originating at x intersects Zt, 
and 

S{x) = T- Tq{x). 

We distinguish three cases. 

• If X G M_ then $^+^0;) = $'=(a;), > 0. 

• li X ^ St- then 



^^+^{x 
If X G M+ then 



t < To{x 



t < r_(x) 



te (r_(a;),r_(x) + r] 



k^t-T-T_(j;) 



This shows that : [0, 00) x M ^ M is definable. 



□ 
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6. The gap between two vector subspaces 



In this section we collect a few facts about the gap between two vector subspaces, 
IV.§2]. 

Suppose £" is a finite dimensional Euclidean space. We denote by (•,•) the inner product 
on E, and by | • | the associated Euclidean norm. We define as usual the norm of a linear 
operator A : E ^ E hy the equality 

\\A\\ := supjlAxI; x ^ E, |x| = 1 }. 

The finite dimensional vector space End(£') is equipped with an inner product 

{A,B) ■.= tr{AB*), 

and we set 



1^1 := y^{A,A) = x/tr(AA*) = y^tr{A*A). 

Since E is finite dimensional, there exists a constant C > 1, depending only on the dimension 
of E, such that 

^\A\<\\A\\<C\A\. (6.1) 

If U and V are two subspaces of E, then we define the gap between U and V to be the real 
number 

5{U, V) := sup{ dist(n, V); u £ U,\u\ = l} 
= supinfj |n — f I; u£U,\u\ = l, v^V,}. 

If we denote by Py± the orthogonal projection onto V'^, then we deduce 

6iU,V) = sup iPv-^nl = \\Pv±Pu\\ = \\Pu - PvPuW = \\Pu - PuPvl (6.2) 

|n|=l 

Note that 

6{V^,U^) = 6{U,V). (6.3) 

Indeed, 

6{V^, U^) = \\Py,_ - Pu^PvA\ = 111 - - (1 - Pu){^ - PV)\\ 

= \\Pu-PuPv\\ = m.y)- 

We deduce that 

< 5{U,V) < 1, yU,V. 

Let us point out that 

6{U,V)<1^ dim[/<dimy, UnV^ = 0. 
Note that this implies that the gap is asymmetric in its variables, i.e. we cannot expect 

6{U,V) = 6{V,U). 

Set 

S{U,V) = 5{U,V) + S{V,U). 
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Proposition 6.1. (a) For any vector subspaces U,V C E we have 

\\Pu-Pv\\ <5{U,V)<2\\Pu-Pv\\. 

(b) For any vector subspaces U, V, W such that V C W we have 

6{U, V) > 6{U, W), 6{V, U) < 6{W, U). 

In other words, the function {U, V) ^ d{U, V) is increasing in the first variable, and decreas- 
ing in the second variable. 

Proof, (a) We have 

6{U,V) = \\Pu - PuPvW + \\Pv - PvPuW 
= \\Pu{Pu - Pv)\\ + \\Pv{Pv - Pu)\\ < 2\\Pu - PvW 

and 

\\Pu - PvW < \\Pu - PuPVW + \\PuPv - PvW 

= WPu - PuPvW + WPv - PvPuW = HU,V). 
(b) Observe that for all n G [/, |n| = 1 we have 

dist(n, V) > dist(u, W) =^ 8{U, V) > 6{U, W). 

Since V C W we deduce 

sup -j— j- dist(ti, [/) < sup -j — 7dist{w,U). □ 

vev\o M wew\o 1^1 

We denote by Grk{E) the Grassmannian of k dimensional subspaces of E equipped with the 
metric 

dist{U,V) = WPu -PvW- 
Grjt(-E') is a compact, tame subset of End(£'). We set 

dim E 

Gr{E) := [j Grk{E). 

k=0 

Let Gr''{E) denote the Grassmannian of codimension k subspaces. For any subspace U C E 
we set 

Gr{E)u := {V £ GriE); VdU}, Gr{Ef := {V £ Gr{Ey, VcU}. 
Note that we have a metric preserving involution 

Gr(^) bUi — e Gr{E), 

such that 

Grk{E)u ^ Gr^{Ef\ Gr\E)u ^ Gvk{Ef\ 

Using (j2.5p we deduce that for any 1 < j < A;, and any U G Gr j{E), there exits a constant 
c > 1 such that, for every L G Grk{E) we have 

- dist(L, Grk{E)u f < \Pu - PuPl\^ < cdist(L, Gvk{E)u f. 
c 

The constant c depends on j. A;, dimii^, and a priori it could also depend on U. Since the 
quantities entering into the above inequality are invariant with respect to the action of the 
orthogonal group 0(E), and the action of 0{E) on Gr j{E) is transitive, we deduce that the 
constant c is independent on the plane U. The inequality ()6.ip implies the following result. 
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Proposition 6.2. Let I < j < k < dimi?. There exists a positive constant c > 1 such that, 
for any U £ Gr j{E), V G Grk{E) we have 

-dist{V,GrkiE)u)) < 6iU,V) < cdist{V,Grk{E)u)). □ 



Corollary 6.3. For every 1 < k < dimE there exists a constant c > 1 such that, for any 
U,V G Grk{E) we have 



^ dist(J7, V) < 6{U, V) < cdist(C/, V). 



□ 



Proof. In Proposition l6.2l we make j = k and we observe that Gr f^{E)u = {U}, \fU G Grfc(S). 

□ 

We would like to describe a few simple geometric techniques for estimating the gap between 
two vector subspaces. Suppose C/, V are two vector subspaces of the Euclidean space E such 
that 

d\m.U < d\m.V, 5{U,V) < 1. 

As remarked earlier, the condition d{U, V) < 1 can be rephrased as U H V-^ = 0, or equiva- 
lently, C/-*- + V = E, i.e., the subspace V intersects C/-*- transversally. Hence 

UnkeiPv = 0. 

Denote by S the orthogonal projection of U on V. We deduce that the restriction of Py to 
U defines a bijection U ^ S. Hence dim S = dim U, and we can find a linear map 

h:S^V^ 

whose graph is U, i.e., 

U= {s + h{s); s£S,}. 

Next, denote by T the orthogonal complement of S in V (see Figure [6]), T := S-'- nV, and 
by W the subspace W -.= 17 + T. 




Figure 6. Computing the gap between two subspaces. 



Lemma 6.4. 



T = u^nv. 
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Proof. Observe first that 

{S + U)(lT^. (6.4) 
Indeed, let t eT. Any element in S + U can be written as a sum 

s + u = s + s' + h{s'), s,s'eS. 

Then (s + s') ± t and h{s') ± t, because h{s') G V-^. Hence T C U-^ D S-^ C U^. On the 
other hand, T dV so that 

T c c/^ n F. 

Since V intersects C/-*- transversally we deduce 

dim([/"-^ n y) = dimC/-^ + dimF - dim£; = dimV - dmiU = dimT. □ 
Lemma 6.5. 

S{W,V) = S{U,V) =d{U,S). 

Proof. The equality S{U, V) = S{U, S) is obvious. Let wq eW such that \wo\ = 1 and 

dist{wo,V) = S{W,V). 

To prove the lemma it suffices to show that wo & U. We write 

wq = uo + to, uq eU, toe T, |uo|^ + \tof = 1. 

We have to prove that to = 0. We can refine the above decomposition of wo some more by 
writing 

uo = so + h{so), soeS. 

Then 

Pywo = So + to- 

We know that for any u e U, t e T such that l^l^ + \t^\ we have 

\ul-PvUof = \wo - Pywol'^ > \{u + t) - Pv{u + t)\ = \u-Pvuf. 
If in the above inequality we choose t = and u = we deduce 

\ul - PytioP > -j— 19 I'^o ~ Pyuol^- 

\Uo\ 

Hence l^xol > 1 and since |nop + |toP = 1 we deduce to = 0. □ 



The next result summarizes the above observations. 

Proposition 6.6. Suppose U and V are two subspaces of the Euclidean space E such that 
dim U < dim V and V intersects U-^ transversally. Set 

T:=VnU^, W:=U + T, 

and denote by S the orthogonal projection of U on V. Then 

s = T^nv, 

dim U = dim S, dim W = dim V, 

and 

S{W, V) = S{U, V) = d{U, S). □ 
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Proposition 6.7. Suppose E is an Euclidean vector space. There exists a constant C > 1, 
depending only on the dimension of E, such that, for any subspaces U C E, and any linear 
operator S : U —>■ U-^ , we have 

5{Ts,U) = \\S\\{l + \\Sfy^'\ (6.5) 

and 

+ WSfY^'^ < 6{U,Ts) < C\\S\\{1 + \\Sf y'^\ (6.6) 
where Ts C U + C/"*" = E is the graph of S defined by 

Ts := {u + Sue E; n E [/}. 



Proof. Observe that 



A^r rn2 l^np {S*Sn,u) 

S{rs,Uy = sup —————= sup 



«ef/\o I^P + „gf;\o + {S*Su, u) ' 

Choose an orthonormal basis ei, . . . , of U consisting of eigenvectors of S*S, 

S*Sei = XiCi, < Ai < • • • < Afc. 



Observe that 
We deduce 



||S'*S'|| — Afc. 
6(Ts, Uf = sup{ ^i^h + ^'>i = 1 } 

i i 

= sup{l-J^nf; J^(l + A,)nf = 1} 



l-inf{^n2; ^(l + A,)tx2 = l} = l-^^ = - 



15*511 



+ ||5*5|| 1 + ||5||2' 

This proves (|6.5p . The inequahty (jG.Op follows from ()6.5p combined with Corollary 16. 3i □ 

Set 

TiE) = {{U,V) £ Gr{E) X Gr{E); dim;7<dimy, V (\) } 

For every pair {U, V) £ J'(E') we denote by §y(f/) the shadow of U on V, i.e. the orthogonal 
projection of U on V. Let us observe that 

u^n§v{u) = 0. 

Indeed, we have 

n §v{u) cT ■.= u^ nv n§v{u) c §v{u) n r, 

and Proposition 16.61 shows that §>{U,V) is the orthogonal complement of T in V. Since 
dimU = dimSy(f/), we deduce that §v{U) can be represented as the graph of a linear 
operator 

Mv(U) -.U ^U^ 

which we will call the slope of the pair (U, V). From Proposition 16.61 we deduce 



l + ||3vt„-{[/)|P)"' (l-i(Su(f/),C/)=)'"' 
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Corollary 6.8. There exists a constant C > 1, which depends only on the dimension of E 
such that, for every pair {U, V) £ J'(-E) we have 

^\\Mvm\ ( 1 + \\Mv{u)fy'^' < v) < cwMvm ( i + mvm' y^'. 



Proof. Use the equality 6{U, V) = 5( U, SviU) ) and Proposition 16.71 □ 

Proposition 6.9. Suppose A : E ^ E is an invertible symmetric operator, and U is the 
subspace of E spanned by the positive eigenvectors A. We denote by m^(A) the smallest 
positive eigenvalue of A, and by m-{A) the smallest positive eigenvalue of —A. Then, for 
every subspace V C E, such that {U,V) £ ^iE), we have 

<5(C/,e*^F) <e-(™+(^)+™-(^))iMy(C/)|| =e-(-+(^)+--(^))* '^(§v(^),^) 



Proof. Denote by L the intersection of V with U . Then we have an orthogonal decomposi- 
tion 

V = L + §viU), 
and if we write M := 3viv{U) : U — > C/"*" we obtain 

V = {e + u + Mu; eeL, ueU}. 
Using the orthogonal decomposition E = U + f/"*" we can describe A in the block form 



A 



A+ 
A^ 



where A^ denotes the restriction of A to U, and A- denotes the restriction of A to U . 

Set Vt := e^'^V, Lt := Vt n [/-*-. Since C/-*- is A-invariant, we deduce that Lj = e^^-L, so 
that 

= {e^^-i + u + e^^-Me-^^+u; i e L, uGU}. 
We deduce that for every u U the vector u + e*^~Me~*'^+n belongs to Vf. Hence 

6iU,Vt) < sup \e^^-Me'^^+u\ = ||e*^-Me-*^+ || < e-('"+(^)+"-(^) )*||M||. □ 

|n|=l 

Corollary 6.10. Let A and U as above. Fix i > dimf/ and consider a compact subset 
K C Gr^^E) such that any V ^ K intersects C/-*" transversally. Then there exists a positive 
constant, depending only on K and dimii^ such that 

5{U,e^^V) < C7e-(™+(^)+™-(^))*, VU G i^. □ 
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7. The Whitney and Verdier regularity conditions 

For any subset 5 of a topological space X we will denote by cl{S) its closure. 

Definition 7.1. Suppose X,Y are two C^-submanifolds of the Euclidean space E such that 
X C cl{Y) \ Y. 

(a) We say that {X, Y) satisfies Verdier regularity condition V aX xq ^ X ii there exists an 
open neighborhood U of xq in E and a positive constant C such that 

-i{T^X,TyY) <C\x-y\, Vx E C/ n X, yeUr\Y. 

(b) We say that (X, 1") satisfies the Verdier regularity condition V along X if it satisfies the 
condition V at any point x ^ X. □ 

Note that if X and Y are connected and if {X,Y) satisfies V along X, then 

dimX < dimy. 

As explained in [40j, the Verdier condition is invariant under C^-diffeomorphisms. 

Remark 7.2. The Verdier regularity condition is equivalent to the microlocal regularity con- 
dition fjL of Kashiwara and Schapira, \12\ §8.3]. For a proof of this fact we refer to |39j . □ 

The regularity condition V is intimately related to Whitney's regularity condition. 

Definition 7.3. Suppose X, Y are two C^-submanifolds of the Euclidean space E such that 
X (1Y\Y. 

(a) We say that the pair [X, Y) satisfies the Whitney regularity condition (a) at xq G X if, 
for any sequence y„ G Y such that 

• Xn , y-n *■ 3^0 ) 

• the sequence of tangent spaces Ty^Y converges to the subspace Too, 
we have T^^X C Too- 

(b) We say that the pair {X, Y) satisfies the Whitney regularity condition (b) at xq £ X if, 
for any sequence (a;„,y„) G X x y such that 

• the one dimensional subspaces in — ffi(i/j^ — x^) converge to the line ^oo 

• the sequence of tangent spaces Ty^Y converges to the subspace Too, 
we have ioo C Too, that is, S{ioo,Too) = 0. 

(c) The pair {X, Y) is said to satisfy the regularity condition (a) or (b) along X, if it satisfies 
this condition at any x € X. □ 

The Whitney condition (a) is weaker in the sense that (6) =^ (a) and it is fairly easy 
to construct instances when (a) is satisfied while (b) is violated. The Whitney regularity 
condition (b) is equivalent with the following geometric condition, [38]. 

Proposition 7.4 (Trotman). Suppose {X,Y) is a pair of submanifolds of the M^, 
dimX = m. Assume X C Y \ Y. Then the pair (X,Y) satisfies the Whitney regularity 
condition (b) along X if and only if, for any open set U C E, and any -diffeomorphism 
^ : U ^ V, where V is an open subset o/R^, such that 

'^(unx) c M'"eo c M^, 

the map 

q,(Y n C/)^M'" X (0, oo), y^{ proj (y) , dist(y, R'^f ) , 



46 LIVIU I. NICOLAESCU 

is a submersion, where proj : denotes the canonical orthogonal projection. □ 

For tame objects the Verdier conditions implies the Whitney condition. More precisely, 
we have the following result. 

Proposition 7.5 (Verdier). Suppose {X,Y) is a pair ofC'^, tame submanifold of the Eu- 
clidean space E such that X <zY \ Y . If {X,Y) satisfies the regularity condition V , then it 
also satisfies the regularity condition W . 

We include a detailed proof of this result because it will give the reader a taste of both the 
significance of the Verdier condition, and of the versatility of the tame techniques. 

Proof. We follow the approach of [28], which is an o-minimal translation of the original 
argument of Verdier, [30] . 

First, without any loss of generality, we can assume the following. 

• X is an open neighborhood of in some subspace F G E. 

• y is a tame submanifold, Y C E \ F, dimY = n. 

Define 

Wx{Y) := {x £ X n cl{Y); {X, Y) satisfies the W condition at x }, 
VxiY) = {x £ X n cl{Y); {X, Y) satisfies the V condition at x }, 

and 

Ix{Y) := {{x,y,£,TyY) e X x Y x Gri{E) x Gr„(^); i = R{y-x)}, 

where M{y — x) denotes the one dimensional subspace generated by the vector (y — x). 
Denote by Ax G X x X the diagonal subset, and define 

Jx = {{x,x,e,S) G Ax X Gri(^) x Gr„(^); i C S}. 

If TTx '■ Ax X Gri(£^) x Gr n{E) X is the natural projection, then 

xeWx{Y)^7r],\x)ncl{lx{Y)) C Jx{Y). 

We will prove that 

VxiY)cWxiY). 

We argue by contradiction. Suppose that there 3xo € Vx{Y) \ Wx{Y). For simplicity, we 
can assume that xq = £ F. 

Since WxiY) we deduce that there exists {i,S) £ Gri{E) x Gr„(£') such that 

(0,0,^,5) G cl{lx{Y)) and 6{£,S) > 0. 

From the curve selection theorem we deduce that there exits a tame path 

a : (0,r) ^/x(y), t ^ {xt,ytMyt - xt) ,Ty^Y) 

such that Xt £ X, yt £ Y, 

lim Xf = lim yt = 0, lim M(yf — xt) = I, lim Ty Y = S. 

For simplicity, we write 

et = R{yt-xt), St = TyJ. 
Using the orthogonal decomposition 

E = F®F^ 
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we can decompose yt into a "horizontal" component ht G F, and a "vertical" component, 
vt = yt — ht € F"*- (see Figure [7]) . Since yt G Y \ F we deduce vt ^ and thus 

dv 

vt ■= "^(O 7^ 0) foi' sufficiently small t. 
Moreover, we can choose the parametrization of a so that 

\ht\ < 1, Vt (7.1) 




Figure 7. Whitney condition. 



Consider the line Lt = — ht). The tame continuous path 1 1-^ Lt £ Gri{E) has a limit 
as t — > 0^ which we denote by Lq. The limit line £ is the graph of a linear map 

/ : Lo F ^ ^ C Lo e i^. 

Since G Vx(l^) we deduce that 

6{F, S) = 0^ F C S. 

Hence 

LoC S ^ S ^ £C S. 

Hence Lq S so that 

5(Lo,5)>0. (7.2) 
To proceed further we need the following auxiliary result. 

Lemma 7.6. Suppose u : [0, 1) is a continuous tame path which is on the open 

interval (0, 1), such that n(0) = and ^(t) = u{t) / for all sufficiently small t. Then 

hm = 0, (7.3) 

t_o+ \u{t)\ ^ ' 



and 



limt|tt(t)| = 0, (7.4) 



lim 5( Ru(t),Ru(t) ) = 0. (7.5) 
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Proof. Let us first prove (j7.3p and ()7.4p in the case m = 1, i.e., when n is a real valued 
function. There exists a small interval (0, a) C (0, 1) such that u{t) is strictly monotone on 
(0,a). For simplicity, we assume u{t) is strictly increasing, or else we replace u by —u. 

u{t) > u(0), yt G (0,a). 

By the mean value theorem there exists a definable function ^ : (0,a) ^ (0,a), t ^ ^t, such 
that G (0, i) and u{t) = tu{^t)- Hence 

< ^ = < t and < ^MCt) < tiiiCt) = fit), 



and consequently 



hm ^= lim 6n(6)=0. 



We can find an even smaller interval (0, a') C (0, a) such that is strictly increasing and 
on (0,a'). ^ extends to a continuous, strictly increasing function ^ : [0,a') ^ [0,a') such that 
^0 = 0. Hence ^ is a definable homeomorphism [0, a) [0,^a')- This implies ()7.3p and ()7.4p . 
For m > 1 we write = . . . , Um{t) ), and define 

J = |j = 1, 2, . . . , m; is not constant on a neighborhood of 0. |. 

For t sufficiently small we have 

This proves (j7.3p in the general case. The inequality (|7.4p is proved in a similar fashion. 
To prove (|7.5p consider the continuous definable functions 

s: [0,1) ^ [0,cx)), s{t) = |n(t)|. 

Since M(t) ^ 0, for t sufficiently small, there exists 6 > such that the restriction of s to (0, b) 
is strictly increasing and C^. Hence s defines a diffeomorphism s : (0,6) — > (0,s(6)). 

/ / du 
u = u s, u := — , s 7^ 0. 
as 

Hence Mii = Mu' . We now write 

u{s) = sv{s), \v{s)\ = 1. 
We set vq = lim<j_»o ^(s)- Then lim^^+o IR^('S) = Mvq. On the other hand. 



du dv 



Using (j7.4p we deduce 



dv du , ^ , ^ 

lim s— = lim — = =^ lim Mn = Muq. □ 

s^o+ ds s^o+ ds s^o+ 

We have 

\Vt\ 

From the equality 

vt + ht = yt£ Ty^Y 

we deduce 

dist(t)f, Ty^y) = dist(/ii, Ty.y). 
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Now observe that ht <Z F and 

dmt{ht,Ty,Y) = \ht\5{muTy,Y) < \ht\6{F,Ty,Y) = \ht\6{Th,X,Ty,Y). 
From the Verdier regularity condition we deduce that 

\ht\5{Th,X,Ty,Y)<C\vt\\ht\. 

Hence 

1 . \vA ED \vA 

vt,TyJ) = —d\st{vuTyJ)<C\hty-^^ < C[^. 

\vt\ \vt\ \vt\ 



Using ()7.3p we deduce 



hm 5(Rvt,Ty,Y) = 0. 
t->o+ 



On the other hand, using ()7.5p we deduce 



hm Mvt = hm Mvt = Lq 



from which we conclude that 



= S{Lo, lim Ty,Y) = 6{Lo,S). 

This contradicts (17. 2|) . and completes the proof of Proposition 17.51 □ 

Definition 7.7. Suppose X is a subset of an Euclidean space E. A Verdier stratification 
(respectively Whitney stratification) of X is an increasing, finite filtration 

F_i = C Fo C Fi C • • • C = X 

satisfying the following properties. 

(a) Fk is closed in X, \/k. 

(b) For every k = 1, . . . ,m the set X^ = Fk\ Fk^i is a manifold of dimension k. Its 
connected components are called the strata of the stratification. 

(c) (The frontier condition) For every k = 1, . . . ,m we have 

cl{Xk)\XkCFk-i. 

(d) For every < j < k < m the pair {Xj,Xi.) is Verdier regular (respectively Whitney 
regular) along Xj. 

If X is a tame set, then a Verdier (Whitney) stratification is called tame if the sets F^ are 
tame. □ 

We have the following result due to essentially to Verdier [40] (in the subanalytic case) 
and Loi EEI in the tame context. 



Theorem 7.8. Suppose Si, . . . , Sn are tame subsets of the Euclidean space E. Then there 
exists a tame Verdier stratification of E such that each of the sets Sk is a union of strata. □ 

Remark 7.9. According to the results of Lion and Speissegger [27], the strata in the above 
Verdier stratification can be chosen to be real analytic submanifolds of E. □ 



A Whitney stratified space X has a rather restricted local structure. More precisely, we 
have the following fundamental result whose intricate proof can be found in [11, Chap, II, §5]. 
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Theorem 7.10. Suppose X is a subset of a smooth manifold M of dimension m, and 

FoCFiC--- CFk = M 

is a Whitney stratification of X. Then for every stratum S of dimension j there exists 

• a closed tubular neighborhood N of S in M with projection w : N ^ S, 

• a Whitney stratified subset Ls of the sphere S"^~^~^ 

such that IT : dN ^ X is a locally trivial fibration with fiber homeomorphic to Ls, and NCiX 
is homeomorphic with the mapping cylinder of the projection vr : ON S. The space Ls is 
called the normal link of S in X. □ 



8. Morse-Smale Morse- Verdier 

Suppose M is a compact, connected real analytic manifold of dimension M, and (/, ^) is 
a Morse pair on M, not necessarily tame. Denote by the flow generated by ^, by W~{^) 
(respectively W^{^)) the unstable (respectively stable) manifold of the critical point p, and 
set 

peCrf, X{p)<k 

We say that the flow satisfies the Morse- Verdier condition if the increasing filtration 

Mo(OcMi(Oc---CM^(0 

is a Verdier regular stratification. In the sequel, when no confusion is possible, we will write 
instead oiW^{^). 

Theorem 8.1. // the Morse flow satisfies the Morse-Verdier condition, then it also sat- 
isfies the Morse-Smale condition. 

Proof. Let p,q & Crj such that p ^ q and H ^ 0. Let k denote the Morse index 
of g, and t the Morse index of q so that £ > k. We want to prove that this intersection is 
transverse. 

Let X e W~ n W+ and set 

xt := ^i{x). 

Observe that 

T,W+thT,W- ^3t>0: T^,W+ T^.W' . 

We will prove that T^^W^ ftl Tx^W~ if t is sufficiently large. 

Since (/, ^) is a Morse pair, we can find coordinates («*) in a neighborhood U of g, and 
real numbers 

• • • ,Mm > 

such that 

k 

i=l a>k 

Denote by A the diagonal matrix 

A = Diag(/xi, ...,Hk, -l^k+i, -l^m)- 
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Without any loss of generality, we can assume that the point x lies in the coordinate neigh- 
borhood U. Denote by E the Euclidean space with Euclidean coordinates (u*). Then the 
path 

t ^ T,,W- G Gv,{E) 

is given by 

and in particular it has a limit 

lim T^^W- =T^ G Gr^^). 

Since the pair (^W~,W~ ) satisfies the Verdier regularity condition along W~ , and xt — > q, 
as t — > cxD, we deduce 

Too D TgW~,^ Too ril TgW+. 

Thus, for t sufficiently large 

T,,W- (hT,,W+. □ 
Suppose (/, 1^) is a Morse pair on the compact, real analytic manifold M. Then for every 
critical point p of / of index k we can find local C^-coordinates (ti*) defined in an open 
neighborhood Up, and positive real numbers /ij such that 

u\p) = 0, Vi, 

and 

i<k a>k 

If p is a hyperbolic point, i.e., < k < m, we set, 

luip) = lu{i,p) ■■= min^i, 7s(p) = Jsi^p) ■= min^„, Fsip) = Ts{^,p) := max/i„, 

t<k a>k a>k 

gs{p) = gs{^,p) ■■= Ts{p) -js{p)- 

Observe that gs{p) is the length of the smallest interval containing all the negative (or stable) 
eigenvalues of the linearization of ^ at p, while 7n(p) is the smallest positive (or unstable) 
eigenvalue of the linearization of ^ at p. 

Theorem 8.2. Suppose is a Morse pair on the real analytic manifold M of dimension 

m such that the flow <I>^ satisfies the Morse-Smale condition. Define 

V :=min| ^"^^^|7'^^^ P G Cr., < A(p) < dimM |. (8.1) 

Vsip) 

Assume ^ is at least {\y\ + l)-times differentiable. Then the following hold. 

(a) (Frontier property) cl{Mk{i) ) \ Mk{i) C Mfc_i(0, V/c. 

(b) For every pair of critical points p,q, and every z £ W~ D cl{W~), there exists an open 
neighborhood U of z €z M , and a positive constant C such that 

5{T^W-,TyW- ) < C dist(2;, , -"^xGUnW", Vy e C/ n VF". (K) 

Remark 8.3. (a) It is perhaps useful to visualize the condition (j8.ip in which > 1, as a 
spectral clustering condition. 

Suppose p is an unstable critical point of /. Denote Hp is the Hessian of / at p. Using the 
metric g we can identify Hp with a symmetric operator. We denote by the collection of 
positive/negative eigenvalues of this operator. Then 7s(^,p) is the positive spectral gap, 

IsiCp) = minS+ = dist(S+,0), 
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luiCp) is the negative spectral gap 

lu{^,p) = dist(Sp ,0), 
and Ts{S,,p) is the largest positive eigenvalue of Hp. The condition 

Tsitp) - ' 

than says that the length of smallest interval containing the positive spectrum is smaller 
than the length largest interval containing 0, and disjoint from the spectrum. In particular, 
if the positive eigenvalues cluster in an tiny interval situated far away from the origin, this 
condition is automatically satisfied. 

r. 



-t- 



y 



all the negative eigenvalues are here 

all the positive eigenvalues are here 

Figure 8. Spectral gaps. 

(b) If the unstable manifolds of a Morse flow on a compact smooth manifold M form a 
Whitney stratification, then Theorem 17.101 shows that the closure of any unstable manifold 
is a submanifold with conical singularities in the sense of [25j. □ 

Proof. To prove part (a) it suffices to show that if 

Wg ncl{W-) ^ dim W- < dim W' . 

Observe that the set W~ H cZ( W" ) is flow invariant, and its intersection with any compact 
subset of W~ {p, S,) is closed. We deduce that p G W~ n cZ ( W~ ) . 

Fix a small neighborhood U of p in Wp . Then there exists a sequence Xn S dU, and a 
sequence t^ £ [0, oo), such that 

lim tn = oo, lim Xn = <?• 

n— »oo n— +00 " 

In particular, we deduce that f{p) > f{q). 
For every n define 

C„ = cZ({$fx„; t e {-oo,t„]}). 
Denote by Cr^ the set of critical points p' such that f{q) < f{p') < f{p)- For every p' G Cr^ 
we denote by dn{p') the distance from p' to C„. We can find a set 5 C Cr^ and a subsequence 
of the sequence (C„), which we continue to denote by (C„), such that 

lim dn{p) = 0, Vp' G S and inf > 0, Vp' G CrP\S. 

Label the points in by si, . . . , s^, so that 

/(si) > ••• > f{Sk). 

Set So = p, Sfc+i = Q- The critical points in S are hyperbolic, and we conclude that there 
exist trajectories 70, . . . , 7a: of such that 

lim 7j(t) = Si, lim ji{t) = Sj+i, Wi = 0, . . . ,k, 

t—^ — 00 t— »00 
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and 

liminfdist(C„,roU---Urfc) =0, 

n— >oo 

where Fj = cZ(7i(M)), and dist denotes the Hausdorff distance. We deduce 

Since the flow satisfies the Morse-Smale condition we deduce from the above that 

dim Wr: > dim W~ , , , \/i = 0, . . . ,k. 

In particular, 

dimWp" > dimW^~. 

To prove (b), observe first that since the map x ^t{x) is ([j^J +l)-times differentiable for 
every t, the set of points z £ W~ n cl{W~) satisfying \Vy\ is open in W~ and flow invariant. 
Since q G cl{W~) Pi cl{W~) it suffices to prove (b) in the special case z = q. We will achieve 
this using an inductive argument. 

For every < k < m = dimM we denote by Cr^ the set of index k critical points of /. 
We will prove by decreasing induction over k the following statement. 

S{k): For every q E Cr^, and every p G Crj such that q G cl(^W~) there exists a 
neighborhood U of q £ M , and a constant C > such that holds. 

The statement is vacuously true when k = m. We fix k, we assume that S{k') is true 
for any k' > k, and we will prove that the statement its is true for k as well. If /c = the 
statement is trivially true because the distance between the trivial subspace and any other 
subspace of a vector space is always zero. Therefore, we can assume k > 0. 

Fix q S Crj, i > k and p G Cr^. Fix adapted coordinates (li*) defined in a neighborhood 
of !N of g such that, there exist positive real numbers R, p^i, . . . , with the property 

i<k a>k 

and 

{{u\x),...,u"'{x)) gM"; xG3^} D 
For every r < R we set 

]\fr := { 2; G 3Sf; |n-'(x)|<r, Vj = l,...,m}, 
For every x G J^r we define, its horizontal and vertical components, 

h{x) = {u\x),--- GM^ v{x) = (n'=+i(x),...,n™(x)) GM™-^ 

Define (see Figure [9]) 

5+(r) := {x G W+nN^; \v{x)\=r}, Z+(r) = { x G Tvf^; \v{x)\=r}. 

The set Z^ir) is the boundary of a "tube" of radius r around the unstable manifold W~ . 

We denote by U the vector subspace of given by {v{u) = 0}, and by JJ-^ its orthogonal 
complement. Observe that for every x G W~ n N/j we have TxW~ = U . 

Finally, for k' > k we denote by T^/ ([/-*-) C Grfc/(M™) the set of fc'-dimensional subspaces 
of which intersect [/-*- transversally. 

From part (a) we deduce that there exists r < R 

J^r n cZ ( VF" ) = 0, yj < k, yq' G Cr^^, q' ^ q. (8.2) 




Figure 9. The dynamics in a neighborhood of a hyperbohc point. 

For every critical point p' we set 

C{p',q)r :=C{p',q)nS+ir). 

Now consider the set 

Xr{q):=Cip,q)rU \J C{p',q)r. 

k<\{p')<t 

For any positive number h we set 

%,n:=cl{{T,W-- xeZ+{r); \h{x)\ < h})c Gr,{W^). 
Lemma 8.4. There exists a positive h < r such that 

Proof. We argue by contradiction. Assume that there exists sequences ^„ ^ and x„ G J^r 
such that 

\v{xn)\ = r, < hn, 6{U,T^„Wj;) > 1 - -. 

By extracting subsequences we can assume that j;„ ^ x G Sg{r) and T^^W' T^o so that 
6{U,Too) = 1 <^=^ Too does not intersect [/-*- transversaly. (8-3) 

From the frontier condition and (j8.2p we deduce x £ Xr{q). If x G C{p,q)r then x £ 
Wp n S^{r), and we deduce Too = TxW~ . On the other hand, the Morse-Smale condition 
shows that TxW~ intersects transversahy TxW^ = U'^ which contradicts (18. 3p . 

Thus X G C{p',q) with A(p') = k' , k < k' < I. Since we assume that the statement S{k') 
is true, we deduce 5{TxWp, ^T^o) = 0, i.e.. 

Too 3 TxW-,. 

From the Morse-Smale condition we deduce that TxW~i intersects TxW^ = C/"*" transversally, 
and a fortiori. Too will intersect U'^ transversally. This again contradicts ()8.3p . □ 
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Fix h ^ (0, r] such that the compact set 

Sr,H = { T.W-;x G Wp n Z+(r), \h{x)\ < h} C Gr^M"^) 
is a subset of 7£{U-'-). Consider the block 

'Br,h = {x £J^r; \v{x)\<r, \h{x)\<h}. 
The set Hr^n is a compact neighborhood of q. Define 

A„:M'=^R^ ^„ = Diag(;Ui,...,/Xfc), 
A, : M— ^ ^ A, = Diag(/ifc+i, . . . 

^ : M™ ^ R™, A = Diag(^„, -As). 
For every x £ 'Bj-fi \ W~ we denote by Ix the connected component of 

{t<0; <!>lx e 'Brfi} 
which contains 0. The set Ix is a closed interval 

Ix := [-T(x),0], r(x) G [0,oo]. 
If X G 'Br,h \ Wg then T{x) < oo. We set 

z{x) := := v{z{x)). 

Then 

= e^^''^^"v(x), |y(x)| = r. 

We deduce 
Hence 

g-r.(g)T(x) < (8.4) 

r 

Let X G Sr^^jn Wp". Then 
and, we deduce 

6{U,TxW~) = <5(C/,e^(-)^r,(,)W7), U = T^W-. 
Using Corollary 16.101 we deduce that there exists a constant C > such that for every 
y £ 9r,hi and every t > we have 

Hence 

Vx G n VFp- : 5{u, TxW-p) < (:;e-(T=('?)+^"(«) 

Now observe that 

-(7s(9) +lu{q)) < -i^Tsiq) 

so that 

We conclude that 

Vx G S,,;in : 6{U,TxW-) < C^\v{xW = ^ dist(x, W^,-)^ 
Since for every w G "Br^n.^ W~ we have U = T^W' , the last inequality proves S{k). □ 
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Corollary 8.5. Suppose is a smooth Morse pair on the real analytic manifold M such 

that the flow generated by ^ satisfies the Morse-Smale condition, and for every hyperbolic 
critical point p we have 

Then the filtration 

Mo(OcMi(e)C---CM, MkiO-= U 

\{p)<k 

is a Verdier stratification. In particular, if the flow <I>^ is also tame, then the above stratifi- 
cation satisfies the Whitney regularity conditions as well. 

From Theorem 14.81 and Theorem 15.11 we obtain the following result. 

Corollary 8.6. Suppose M is a compact real analytic manifold of dimension m, f : M ^M. 
is a real analytic Morse function, and is a positive real number. Then there exist 

• a real analytic metric g on M , 

• a smooth vector field ^ on M , 

such that 

• Morse pair, 

• ^ coincides with — V^/ in an neighborhood of the critical set, 

• the flow generated by ^ is tame and satisfies the Morse-Smale condition, 

• for every hyperbolic critical point p of f we have 

lu{i,p) +ls{i,p) . , ^ 

In particular, if v > 1, then the stratification of M by the unstable manifolds of the flow 
is both Verdier and Whitney regular. □ 

Remark 8.7. (a) Theorem 18.21 is not optimal. To see this consider the projective space 
MP" = Gri(M"+^). We regard it as a submanifold in the Euclidean space of symmetric 
operators R"+i M"+i. 

Any symmetric operator A : R"+^ M"+-'^ defines a function 

Suppose 

A = Diag(Ao, • • • , A„), Aq < Ai < • • • < A„. 
Using the projective coordinates [xq, • • • on MP", we can describe the critical points of 
/a as 

Cya = {po, • • • ,Pn; Pi = [5iO,5ii,. . . ,5in] } 

where 5ij is the Kronecker symbol. 

The eigenvalues of the Hessian of / at pi are 

1^3 ~ ~ 3 7^ i- 

The hyperbolic critical points are pi, ■ ■ ■ ,Pn-i- The spectral clustering condition {'yu=i) at 
Pi reads 

Ai+i — Aj-i > An — Aj <^=^ Aj — Aj-i > An — Aj+i. 
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This condition is satisfied if for example we choose A, such that 



(Aj+i - Aj) < (Aj - Xi-i), e.g., (Aj+i - Aj) < 



1 



(Aj — Ai_i). 



i+1 



but fails in the case Aj = 

However, the unstable manifolds of the critical points are independent of the choice of Aj. 
In fact, these unstable varieties are the Schubert cells. 



By choosing Ai so that the clustering condition is satisfied, we deduce that the unstable 
manifolds satisfy the Verdier regularity condition, and they do so even when the spectral 
clustering condition is violated. 

(b) Although the clustering condition is not optimal, it is in some sense necessary. To 
understand this, suppose we are on a compact, real analytic 3-manifold M, / : M — R is a 
tame C^-Morse function, and ^ is a vector field on M which generates a tame flow and 
C-/<OonM\Cr/. 

Suppose go G M is a critical point of / of index 1, the Hessian of / at qo has eigenvalues 
— 1, 1, 3, and in a neighborhood of qo we can find real analytic coordinates (x, y, z) such that 

a;('?o) = y{qo) = ziqo) = 0, ( = xdx- ydy - 3zdz. 
Observe that the spectral clustering condition is violated since 



Suppose the point q = (0, 0, 1) G Wf^ also lies on the unstable variety W of a critical 



point p of index 2, q e W+ (ti W'. Set qt = Then qt = (0, 0, e~^^) G W' so that 

-3d, = go G TgW-. 



TqW- = span {d^}, Tq^W- = span { 3-^*8,, e^O^ + e'^ady } = span { 8,, 8^ + e-'^^ady } 



Wi = { [xo, . . . , 



Xj_i,l,0,... ,0]; XjGR}. 



7s(9o) + lu{qo) = 2 < Vsipo) = 3. 



Since intersects transversally at q we deduce 

TqWp = span{c)2,5j; + ady}. 



Assume o / 0. Then 



We deduce that 



S{ToW-^,Tg,W-) 



~ a e 



-2t 



as t ^ 00, 



so that 




(c) We are inclined to believe that the Morse-Smale condition is in fact equivalent with the 
Morse- Whitney condition, i.e., with the fact that the unstable manifolds define a Whitney 
stratification, but we have not attempted a proof. □ 
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9. The Conley index 

In this section we want to investigate the Conley indices of the stationary points of certain 
tame flows. We begin with a fast introduction to Conley theory. For more details we refer 

to mEs]. 

Suppose X is a compact metric space, and <I> : M x X — > X, (t, x) ^t{x) is a continuous 
flow. Thinking of this flow as an action of M on X, we will denote by t • a;. For any set 

TV C X we define 

I^{W) := {x e N; t ■ x e W, Vt, ±t>0}, I (W) := 1+ (W) HT (W) . 

An isolated invariant set of the flow is a closed a closed, flow invariant subset S C X such 
that there exists a compact neighborhood TV of 5 in X with the property that S = I{W). 
W is called an isolating neighborhood of 5. 

Suppose ly C X is compact. Then the subset A C W is said to be positively invariant 
with respect to W if 

xeA, t>0, [0,t]- X cW ^ [0,t] ■ X C A. 

Suppose W is an isolating neighborhood of 5*. An index pair in W for the isolated invariant 
set 5 is a pair of compact sets {N,N~), C N C W, with the following properties. 

(Iq) N is positively invariant in W. 

(/i) \ N- is a neighborhood of 5, and S = I{cl{N \ N-)). 
(I2) N~ is positively invariant in N. 

If X S X, and [0, cxd) ■ x N, then there exists t > such that [0, t] ■ x C N, and 

t-x £ N-. 

A pair of compact sets {N,N^) satisfying the conditions Ii, I2 and I3 will be called an 
index pair of S. 

Theorem 9.1 (Existence of index pairs). Suppose S is an isolated invariant set of the flow 
W is an isolated neighborhood of S and U is a neighborhood of S. Then there exists an 
index pair {Nu,N^) of S in W such that 

cl{Nu\N^)cU. □ 

Suppose (X, N^) is an index pair for the isolated invariant set S. For every t > we define 

*X := { xeN; [0,t] - xCN}, 

-*X- := {x G X; 3t' G [0, t] : [0, t'] ■ x C N, • x G X" } 
Then *X C X, ~*X^ D X^ . The inclusion induced map 

it : *X/ *X n X" -> N/N- 

is a homotopy equivalence with homotopy inverse ft : X/X^ — > ^N/^N n X^ given by (see 
P III.4.2]) 

\t-x\ [0, • x C X 

f*X n X^l otherwise. 



/t(N) 



Similarly, the inclusion induced map 

it : N/N- ^ X/-*X- 
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is a homotopy equivalence with homotopy inverse gt given as the composition ifoht, where 
ht : Nl~*N~ — ^N/^N fl N~ is the homeomorphism given by 



ht{[x]) 



[t-x] [0,t\(ZN\N- 
[*Ar n N-] otherwise. 



Suppose (jVoi^o ) ^^i^*^ (^i)-^i ) are two index pairs in W for S. Then there exists T = 
T{No, Ni) > such that for any t > T we have 

{'No, 'No n Nq) C (A^i, -*iVr), (*iVi, *iVi n iVf ) C (ATq, -^JVo"). 

Fix t > T[Ni, No), denote by at the inclusion induced map 

at : 'No /'No n N- ^ iVi/-*iVf , 

and by the inclusion induced map 

A : *Ari/*Ari n iVf ^ iVo/-*iVo-. 

Define jy^^ : No/Nq — Ni/N^ as the composition 

For any > T{Ni,To), the maps and are homotopic. We denote by 

eN„N„ G [No/N^,Ni/N^], 

the homotopy class determined by this family of maps, and we will refer to it as the connector 
from No to Ni 

If {No,Nq), {Ni,N^) and (iV2, AT^) are three index pairs, and 

t>max{ T{N2,N-,), T{Ni,No), T{N2,No)}, 
then we have a homotopy 

'^N2,No — ^N2,Ni ° ^Ni,No- 

In particular, if N2 = No we deduce 

SO that all the connectors are homotopy equivalences. 

The homotopy type of the pointed space [N/N~] is therefore independent of the index pair 
{N, N~) of S. It is called the Conley index of S and it is denote by h{S), or h{S, $). 

Consider now a compact tame set X embedded in some Euclidean space E. Denote by | • | 
the Euclidean norm on E. Suppose <I> is a tame flow on X. 

Definition 9.2. A stationary point p of $ is called Morse like if there exists tame continuous 
function / : X — R with the following properties. 
. f{p) = 0. 

• The function / decreases, along the trajectories of the flow, not necessarily strictly. 

• There exists cq > such that 

Cr$n{0< I/I <co} = 0. 

• The set Cr° := Cr$ n{/ = 0} is finite. 

• The function / decreases strictly along any portion of nonconstant trajectory situated 
in {|/| < Co} 

The function / is called a local Lyapunov function adapted to the stationary point p. □ 
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Suppose p £ X is a Morse like stationary point of the flow, and / is a local Lyapunov 
function adapted to p. For every c G M we denote by Xc the level set {/ = c}. Denote by 
and respectively W~ the stable and respectively unstable varieties of the point p, and 

set 

L-{e) := W- n X„„ := W+ n X,. 

Lemma 9.3. Suppose e £ (0,co). Then the following hold. 

(a) The link -Cp (e) is a compact subset of X±^. 

(b) The tame set Wl^{e) = ^ {|/| < e} is tamely homeomorphic to a cone on iL^ (e). 

Proof, (a) We prove only the case (e) since the other case is obtained from this by time 
reversal. We argue by contradiction. Suppose 

xo£cl{ii+{e))\Ji+{e) 

Then there exists a tame continuous path (0, 1] 9 s ^ G ^p{^) such that 

lim Xs = xq. 

Since f{t ■ Xs) € [0, e],\/s,t> we deduce f{t ■ xq) G [0, e],\ft> 0. If we set 

q = lim t ■ xq 

t—^00 

we deduce that g is a stationary point of $ such that f{q) £ [0,e]. Since e < cq we deduce 
q G Cr'', and since xq we deduce q p. 



^0 Mt) ^ ^1 f=^ 




Figure 10. The stable variety of p is arbitrarily close to that of q. 

Consider the family of paths (see Figure [TO]) 

gt : [0,1] X, gt{s) = tXs- 

Let 

5:=min{|g'-g"|; g',g"GCrO, ^ g"}^ dt := \t ■ xq - t ■ xil 
and consider the definable family of closed subsets of the unit interval 

It := { s G [0, 1]; \t - Xg-t - xq\ = ^min((5, dt) }. 

Note that It ^ 9, \/t > 0. We can then find a definable function 

C7:[0,oo)^[0,l] 
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such that a{t) G /<, Vt > 0. Set zt := t • x^r^t) so that 

\zt-t- xo\ = ^ mm{5, dt}, Vi > 0. 
The function a is continuous for t sufficiently large and the limit 

(Too := lim ait) 
t-^oo 

exists and it is finite. Observe that the definable path 

t^t- x^(t) G {0 < / < £}, 
has a limit as i — ^ oo which we denote by z^o- Since dt ^ \q — p\ > 5 we deduce 

\zoo -q\ = -^o. 

In particular, we deduce that z^o is not a stationary point of the flow. 
Consider now the function 

e:X^ (-CX), 0], e(x) = f{x) - f{<fi{x)), 

where $i denotes the time-1 map determined by the flow Since is not a stationary 
point we deduce 

e(zoo) < 0. 

Because the time-1 map $i is continuous, we deduce that, for every positive h such that 
fi ^ lel-s^oo)!) there exists an open neighborhood Ufi of Zqo in ^ such that 

e{x) < h, \/z e Un- 

In particular, for sufficiently large t, we have zt £ Un, and thus 

0<fi^i{zt))<fizt)-h. 

If we let t — ^ oo we deduce 

o<f{M^oo))<f{zoo)-h = -h. 

This contradiction proves the compactness of 'C+(e). 

(b) From part (a) we deduce easily that W^{e) is compact. Consider the tame homeomor- 
phism 

[0, l)3t^ t{s) = G [0, oo). 

1 — s 

Now consider the map 

[0,1] X L+{e) W+{e), (s,x) ^ t{s) ■ x. 

This maps the slice {1} x ^p{e) to p and it induces a tame continuous bijection from the cone 
on (e) to (e) . Since W^^ (e) is compact we deduce that this map is a homeomorphism. 

□ 

The (tame) topological type of (e) and respectively (e) is independent of e if £ is 
sufficiently small because the tame continuous map 

f:W^ie)\{p}^R 

is locally trivial for e > 0. We will refer to this tame homeomorphism class as the stable and 
respectively unstable link of p, and we will denote it by . 
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Observe that for e > sufficiently small the tame set H {|/| < e} is tamely homeo- 
morphic to the cone on Lp, and that the links iL^(e), q G Cr" are mutually disjoint compact 
subsets of X±s. 

Proposition 9.4. Let e £ (0, cq) and let K C Us be a tame compact neighborhood of Ji~{e) 
in the level set X^^ such that 

Kr\W- =0, VgG Cr°, q^p, 

and set 

N = Ne,K ■■= ( W- U U (-00, 0] • ) n {1/ < e}. 
Then the pair (N, K) is an index pair for p. 

Proof. The conditions I2 and Is in the definition of an index pair are clearly satisfied due to 
the existence of the Lyapunov function /, so it suffices to show that is a compact, isolating, 
neighborhood of p. In the proof we will need several auxiliary results. 

Lemma 9.5. Suppose 

(0, 1] 9 s 1-^ G (0, 1) 3 s ^ ts & (0, 00) 

are tame continuous paths such that 

lim ts = CO and /( (— ts) • Xg) < 0, Vs S (0, 1). 

Then there exists q G Cr° such that xq G (e) and limg_,Q+{—ts) ■ Xs = q- 
Proof. Observe that 

(-T) • xo G {-£</< 0}, vr>o 

so that there exists q G Cr'' such that xq G Set Zg = {—ts) ■ Xs. 

The definable path s Zs has a limit zq = lims^o+ ■ Since 

T-zo£{-e<f <0}, Vr>0, 

the point zq must be a stationary point. We claim zq = q. We argue by contradiction, so we 
assume zq ^ q. 

Set 2/s := {—tis)) • xq. For every s G (0, 1] consider the definable continuous path 

gs : [0,1] ^X, g,{X) = {-t{s)) ■ xxs- 

Observe that gs{0) = Us and gs{^) = Zg. Arguing as in the proof of Lemma E3] we can find a 
definable function 

(0, 1) 9 s ^ As G [0, 1] 

such that 

dist{gs{X.s),q) = ^Toam{6,\zs-ys\}, 6 := mm{\q' - q"\; q',q" eCr°, q'y^q"}- 
We set 

7s := gs{Xs) = {-t{s)) ■ xx,s- 
Then, as s \ 0, the point 7^ converges to a point 70 such that 

70 e {-e < / < 0}, dist(7o, = ^ mm{6, \zo - q\} = ^S. 
Thus 7o is not a stationary point of <I>. We claim that 

/(T-7o)>-£, VT>0. (9.1) 
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Indeed, for every T > 0, and for every h > there exists a small neighborhood U = Uxfi of 
7o such that for every x G f/ we have 

|/(r-x)-/(r.7o)| <n. 

We can now find s > such that 7^ G Uxfi and t{s) > T, from which we deduce 

f{T ■ 70) > /(T ■js)-n> f{t{s) ■js)-n = /(XA...) -h=-e-h. 

This proves the claim ()9.ip which in turn implies that 70 has to be a stationary point. This 
contradiction completes the proof of Lemma 19. 5i □ 

Observe that for every x G we have 

$_oo(x) G {/ > 0}. 

Define T = T-s '■ X-e — > [0, 00] by setting T{x) = cxd if (^-ooX G Cr*^, and otherwise, we let 
T{x) to be the unique positive real number such that 

(-r(x)) • X G Xo. 

Using the definable homeomorphism 

a : [0,00) ^ [0,1), t^a{t) = 

we obtain a compactification [0, 00] of [0, 00) tamely homeomorphic to [0, 1]. 
Lemma 9.6 (Deformation Lemma), (a) The tame function 

X_e 9 X T_e{x) G [0,00] 

is continuous. 

(b) The tame function 

DJ^ : {(x,t) G X [0,cx)]; t < T^,{x)} ^ {-e < f < 0}, {x,t) ^ {-t) ■ x 

is continuous. 

Proof. For simplicity, during this proof, we will write T(x) instead of T-i,{x). 

(a) By invoking the closed graph theorem it suffices to show that for any continuous definable 
path 

(0, 1)3 {xs,T{xs)) G X [0, 00] 

such that 

Xs^xo, r(xs) ^ To G [0,00], 
then To = T(xo). Observe that if T(xs) = 00, for all s sufficiently small, then there exists 
q G Cr" such that x^ G XL~((e), and since ^g{£) is compact, we deduce xq G L~{e). Thus, 
we can assume that T{xs) < 00, for all s. 

If To < CO, the conclusion follows from the continuity of the flow. Thus, we can assume 
To = 00, and T{xs) Z' 00 as s \ 0, and we have to prove that there exists q G Cr'' such that 
xo G L~{e). This follows immediately from the fact that 

(-T) . xo G {-£ < / < 0}, VT > 0, 

so that Xo must belong to the unstable variety of a stationary point situated in the region 
{-e<f< 0}. 

(b) Again we rely on the closed graph theorem. We have to show that for every tame 
continuous paths 

(0,1) 3 s^ ixs,ts) G X^e X [0,00], 
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such that 

<ts < T{xs), lim Xs = xq, hm tg = to, hm (-tg) ■ x^ = yo e Xq, 

s^0+ s^0+ s^0+ 

we have yo = {-to) ■ xo- 

Arguing as in (a), we see that the only nontrivial situation is when ts oo as s \ 0. In 
this case, we have to prove that yo £ Cr'' and xo G Ly^{e). This follows from Lemma [931 □ 

The Deformation Lemma has many useful corollaries. 
Corollary 9.7. The continuous tame map 

7^' : X.e -^Xo, x^ 7i'{x) = {-T^e{x)) ■ x € Xo 
induces a tame homeomorphism 

X:=X^,\ U fi,{e)^X*o=Xo\Cr^. 



Proof. The map : X*^ Xq is continuous and bijective. Its inverse is continuous 
because its graph is closed. □ 

Consider the strip 

S_, :={(x,s)GX_, X [0,1]; s < a^,{x) = -^^^j^, VxGX_,}. 
Observe that we have a tame homeomorphism 

A-e ■ X^e X [0, 1] S-e, (x. A) ^ (x, cr_£(x) • A) 
and a tame homeomorphism 

S:S_, ^{(x,t)GX_, X [0,oo]; t<T^,{x)], 

given by 

S{x,s) ^ (x, ). 

1 — s 

The composition 

T)^' := V^'oSo : ^-e x [0, 1] ^ {-e < f < 0} 

is a tame continuous map, which along X_e x {1} it coincides with the map : X-s Xo- 
The natural deformation retraction of X_e x [0, 1] onto X_e x {1} determines a deformation 
retraction of 

01^' :{-£</< 0} X [0, 1] ^ {-£ < / < 0} 
of {— e < / < 0} onto {/ = 0}. The next result summarizes the above observations. 

Corollary 9.8. The deformation Dj"^ induces a homeomorphism between the mapping cylin- 
der of 7'^^ : X_e Xq and the region {— e < / < 0}. □ 
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Remark 9.9. The maps T_£, D^'^ , T^^, have "positive" counterparts T^{x) : [0, oo), 

D| : gX, X [0,oo]; t < r,(x) } ^ { < / < -e }, 

7% ■ X^ ^ Xq, 

and 

3^|:{e>/>e}x[0, l]^{e>/>0}, 
and their similar properties follow by time reversal from their "negative" counterparts. □ 

Now set 

Ko := 7^'{K) C Xo, K+ = {7%)-\Ko) C X,. 

Then Kq is a compact neighborhood of p in Xq, K^ is a compact neighborhood of (e) in 
Xg, and we have the equality 

iV = i)^^(i^x [0,1]) U X [0,1]) . (9.2) 

N<o Af>o 

Now observe that N<q is a compact neighborhood of p in {/ < 0} and A^>o is a compact 
neighborhood of p in {/ > 0}. 

The fact that N is an isolating neighborhood of p follows from ()9.2p . This completes the 
proof of Proposition 19. 4[ □ 

Theorem 9.10. Suppose ^ is a tame flow on a tame compact set X , p is a Morse like 
stationary point of <I>, and f is a local Lyapunov function adapted to p. We denote by W~ 
the unstable variety of p, and for every e > we set 

w-{e) ■.= w-n{-e<f<o}, £;(£) ■.= w~n{f = -e}. 

Then the Conley index h^{p) := h{{p},^) is homotopy equivalent to the pointed space 
W~ {e) / {e), for all sufficiently small e > 0. 

Proof. We continue to use the same notations as in the proof of Proposition 19.41 Fix e > 
sufficiently small so that the only stationary points of $ in ||/| < e} lie on the level set Xq. 

Because both X_£ and ^p (e) are tame compact tame sets we can find a triangulation of 
so that is a subcomplex of the triangulation of X^^. From the classical results 
of J.H.C. Whitehead [H] we deduce that for any neighborhood U of ^p{£) we can find 
triangulations of the pair (X_£,£j~(e)) such that the simplicial neighborhood of 'Cj~(e) in 
X_e is contained in U and collapses onto L~{e). Fix such a simplicial neighborhood K which 
is disjoint from W~ , \/q S Cr^, q ^ p. Because K collapses onto ^p{e) we can find a tame 
deformation retraction onto L~[e). 

Form the index pair (X, K) = {Ni^^k, K). Let us point out that both N and K are compact 
sets, and in particular the inclusion ^ X is a cofibration. 

Using the deformation retraction D|, we see that the pair (X, K) is homotopy equivalent 
to the pair [N^q,K), X<o = Xn {/ < 0}. CoroUarv 19.81 implies that X<o is homeomorphic 
to the mapping cylinder of the tame map 

7l':K^Ko = 7-'{K) C Xq. 

Corollarv 19.71 shows that 7'^^ induces a tame homeomorphism 

K* = K\Lp{e) ^ K* = K,\{p}. 
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Now observe that Wp (e) is also homeomorphic to the mapping cyhnder of the map T^^ : 
iLp (e) {p}. We deduce that A^<o is homeomorphic to the mapping cyhnder of the natural 
projection 

A tame deformation retraction of K onto (e) extends to a deformation of the mapping 
cylinder of vr to the mapping cylinder of ti'I^-^^-) which is homeomorphic to {e). □ 

Remark 9.11. The Conley index computation in this section bares a striking resemblance 
with the computation of Morse data in the Goresky-MacPherson stratified Morse theory, 
|15j . We believe this resemblance goes beyond the level of accidental coincidence, but we will 
pursue this line of thought elsewhere. □ 

Here is a simple application of the above result. Suppose X is a tame space, and ^ is 
a Morse like tame flow on X. This means that $ has finitely many stationary points, and 
admits a tame Lyapunov function /. Observe that the local minima are stationary points of 
They are characterized by the condition W~ = {p}. We denote by Cr$ C X the set of 
stationary points. 

For every compact tame space y 7^ we denote by J'y(t) the Poincare polynomial of Y 

Tyit) = ^{dim Hk{Y,'^})t'' G Z[t]. 

k>0 

If ^ is a compact tame subset of A we denote by '?Y,Ait) G the Poincare polynomial 
of the pair {Y,A) defined in a similar fashion. In particular, for every p G Cr$, we denote 
by M$^p(i) the Poincare polynomial of the Conley index of p, and we will refer to it as the 
Morse polynomial of the stationary point p. As in [31], we define an order relation >- on 
by declaring A ^ B if there exists a polynomial Q S with nonnegative coefficients such 
that 

A{t) = B{t) + {l + t)Q{t). 

Corollary 9.12 (Morse inequalities). Let ^ be a Morse like flow on X with Lyapunov func- 
tion f be as above. 

M^^p{t)h'Px{t). 

peCrj, 



Proof. Define the discriminant set, 

A; := /(Cr$). 

A$ is a finite set of real numbers 

A$ = {co < ci < • • • < c„ }. 

For A; = 0, . . . , n we set 

Cr| :=Cr$n{/ = Cfc}. 

Now choose tq = cq < ri < ci • • • < c„_i < r„ < c„ = r„+i and set X'^ := {/ < rk}. For 
each k = 0,1, ... ,n the pair is an index pair for the isolated invariant set Cr|. 

We deduce that 

/i$(Cr|)= V h^{p). 
peCr| 
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Hence 



Using [31» Remark 2.16] we deduce 

k 

from which the Morse inequahty follow immediately. □ 

Remark 9.13. Let p £ Cr|. If ^pie) = then M$,p(t) = 1. Otherwise 

h<s>ip) ^ {C£jp{£),£.p{e)), 

where CA denotes the cone on the topological space A. From the long exact sequence of the 
pair (C£j~ (e), (e) ) we deduce that if 'Cp(e) / then 

dim Ho {CLp (e) , iL" (e) ) = 0, dim Hi {CL" (e) , L^; (e) ) = dim Hq (L^ (e) ) - 1 

dim Hk+i {CLp {e),Lp{e))= dim H^ {Hp (e) ) , VA: > 0. 
If we denote by M$^p(t) the Poincare polynomial of the reduced homology of (e) we deduce 

M$,p(t) = tM$,p(t). 

If we define for uniformity 

M$,p(t) =r\ if L~{e) =0 
then the previous equality holds in all the cases. We can rephrase the Morse inequalities as 

tm,pit)^^x{t). (9.3) 

peCr$ 

□ 

10. Flips/flops and gradient like tame flows 

The results in the previous section allows us to give a more detailed picture of the gradient 
like tame flows on compact tame sets. For any compact tame space X we denote by Flgradl-'^) 
the set of gradient-like tame flows on X with finitely many stationary points. 

Definition 10.1. (a) A tame blowdown is a continuous tame map P : Y ^ X, such that 
X and Y are compact tame sets, and there exists finite nonempty subset L = Lp C X such 
that the induced map 

(3:Y\l3-\Lp)^ X\L0 
is a homeomorphism. The compact set Lp is called the blowup locus of p. The compact set 
(3~^{Lp) is called the exceptional locus of /3 and it is denoted by Ef^. We will also say that 
y is a tame blowup of X. A weight for the blowdown map /3 is a tame continuous function 
w : X [0, oo) such that w^^{0) = Lp. We will refer to a pair (blowdown, weight) as a 
weighted blowdown. 

(b) A tame flop is a diagram of the form 

Y 



X_ X~ 
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where P± -Y ^ X± are tame blowdowns. The connector associated to the flop is obtained by 
gluing the mapping cylinder of (5- to the mapping cylinder of /3+ along Y using the identity 

map ly. We will denote the connector by {'^— Y ^^). 
(c) A tame flipQ is a diagram 

Y- r+ 



/3_ \ / P+ 

X 

where (3± : Y±X are blowdown maps. The connector of the flip is the tame space obtained by 
gluing the mapping cylinder of /3_ to the mapping cylinder of /3+ along X using the identity 

map Ix- We will denote it by (^-— > X □ 

Remark 10.2. In the above definition of a blowdown map f3 : Y ^ X we allow for the 
possibility that the exceptional locus E/^ is empty. For example, the map 

{0}^{0,1}, 0^0, 

is a blowdown map, with blowup locus {1}, and empty exceptional locus. □ 

Suppose that <^ is a gradient-like tame flow on a compact tame space X, and that the set 
Cr$ of stationary points is finite. Fix a Lyapunov function f : X ^ R, and let 

{co < ci < • • • < c,,} 

be the set /(Cr$). For i = 1, . . . , we set dj := £i;ii+£i^ and we define 

Yi = {f = di}, 

and 

Cr4 := [x G Cr$; f{x) = cj }, Xj := {/ = }, Vj = 0, . . . , u. 
For every point x & X we denote by the trajectory of $ through x, 

:= t£R}. 
In the previous section we have proved that the flow defines tame blowdowns 

Ai = Af : Yi+i ^ X„ = $(y) n X„ 

Pi = pf : Yi Xi, , pi{y) = $(y) n Xi, 
and Cr^ = Lp. = L\. . The space X is obtained via the attachments 

Cyl,„ Un(^ X, ^) Uy, • • • Uy„., Uy„ Cyl,„, 

where Cyl^ denotes the mapping cylinder of a tame continuous map g. 

The tame blowdowns Aj and pi carry natural weights. To define them we first need to 
define the tame maps 

7;+:Xi^(0,cx)], T- ■.Xi^{0,oo] 



The "o" in flop indicates that the arrows arrow coming out of the middle of the diagram, while the "i" in 
flip indicate that the arrows are coming into the middle of the diagram. 
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where for every x E Xj, we denote by T^{x) the moment of time when the flow hne through 
X intersects Yi, and by T~{x) the moment of time when the backwards flow line trough x 
intersects yj+i. Equivalently, 

T+{x) =sup{t>0; f{Mx))>d^}, Tr{x) = snp{t>0; /($_t(x) ) < d^+i }. 

Observe that 

T^{x) = oo X e Cri . 
In Section [9] we have proved that the tame functions are continuous. Now define 

i 

The functions wf are continuous, nonnegative and 

wf {x) = <S=^> X G Cr\, . 
In other words, wf is a weight for pi, and is a weight for Aj. 

Definition 10.3. A weighted chain of tame flips is a sequences 3 = S{Xi, pi,wf) of flips 

-tr PO ^ Ao Pi ^ Ai Pn-1 ^ A„_i p„ A„ 

r_i > Ao < 11 > Ai < • • • > A„_i < r„ > A„ < 

and weights wf for /3j, ^y^" for Aj such that and are finite sets, Y_i = = 0, and 
Lp. = La;, Vi. The tame space associated to a weighted chain is defined as 

Cyl;,^ Uy, Cyl^^ Uxi U Cyl;,^ Uy, • • • Uy„ Cyl^„ 

We denote by the set of weighted tame chains and, for every compact tame set X, we 
denote by Qw{X) the set of weighted chains whose associated space is X. □ 

The discussion preceding the above definition shows that we have a natural map 

H : Flgrad(X) ^ e^(X), ^ H$. 

Under this map, the stationary points of ^ correspond bijectively to the points in the blowup 
loci Lp. = LXi. The exceptional loci of pi correspond to unstable links of stationary points, 
while the exceptional loci of Aj correspond to the stable links. 

Theorem 10.4. The map H : Flgradl-'^) —>■ Qw{X) is surjective. 

Proof. The strategy is simple. Given a weighted chains of flips pi,wf ,0 < i < n) € 
Cy]{X) we will construct local flows and Lyapunov functions on the various mapping cylinders 
associated to this chain, and then we concatenate them. It suffices to do this for a single 
blowdown map /? : y — > X, with weight w. 

For us, a local tame fiow on a tame set S will be a tame continuous map 

where Rs C M x 5 is a tame subset such that 

• {0} X 5 C Rs, 

• for every s £ S, the set Ig := {t £ M; {t,s) £ Rs} is an interval of positive length, 
and 

• for every s £ S and ^ h such that to + ^ h we have 

^to+tAs) = ^to(^ti(s))- 
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r:y^(0,oo], T{y) 



Define 

CO w{y) = 
and set 

Ry, := {{y,t) eY x[0,oo]; t<T{y)}. 

Fix a tame homeomorphism F : i?^ — > y x [0, 1] such that, F{y, 0) = (y, 0), and the diagram 
below is commutative 

F 



R,, 



Y X [0, 1] 



Y 



where the maps Rw,Y x [0, 1] — > y are the natural projections (see Figure [TT]) . 





Figure 11. Constructing a gradient Qow on the mapping cylinder of a tame map. 



Consider the translation flow on y x [— oo, oo], whose stationary points are (y, ±cxd), y ^Y. 

It restricts to a (local) flow on Ry^ whose trajectories are the vertical lines [0, T(y)] 3 t 
(y, t). Via F we obtain a tame local flow on y x [0, 1], whose orbits are the vertical segments 
{0} X [0, 1]. The bottom point (?/,0) will reach the top point (y, 1) in T(y) units of time. 

The natural map Y x [0, 1] — > [0, 1] decreases strictly along the trajectories of this local 
flow, and thus defines a Lyapunov function. The points in E"^ x {1} are stationary points. 

This local flow descends to a local flow on 

Cyl^ = y X [0, 1] X 
where the points in C X are stationary points. 

□ 



To transform the above theorem into an useful technique for producing gradient like flows, 
we need to explain how to construct weighted blow-down/up maps. 
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Note that given a compact tame space Y and E CY a compact tame subset, then X/E is 
a compact tame space, and the natural projection Y Y/E is a blowdown map. We would 
like to investigate the opposite process. 

Suppose we are given a compact tame space X, a point pq & X^ and a continuous tame 
function w : X ^ [Q, oo) such that w^'^{Qi) = {xq}. 

We can then find tq > such that the induced map 

w : < w < ro} (0, tq] 

is a (tamely) locally trivial fibration. The level sets {w = e}, e G (0, ro) are all (tamely) 
homeomorphic. We will refer to any one of them as the tu-linly of pq, and we will denote it 
by ^w{po)- 

Observe that the closed neighborhood {w < rg} of po is tamely homeomorphic to the cone 
on or equivalently the mapping cylinder of the constant map — > {po}. 

Consider now an arbitrary, tame continuous map n : Jiyo — > E, where £" is a tame compact 
set. Observe that the canonical map from the mapping cylinder of to the mapping cylinder 
of the constant map {pq} is a blowdown map Cyl^ {w < ro} with blowup locus 

{xo}, and exceptional locus E. We can now define the blowup space X^^^ to be 

Xw^f, = {w> ro} Uc^ Cyl^ . 




Figure 12. Blowing up the vertex of a cone in two different ways. 



Example 10.5. (a) Suppose X is the Euclidean space M", po is the origin, and w denotes 
the Euclidean norm. The w-link of po is the round sphere S^~^. If we denote by ^ : S""^ — > 

^We do not know if the homeomorphism type of the «;-link depends on the weight w, or that it is homeo- 
morphic to the hnk of the point xo in X as defined in Appendix IbI 
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^j-^g canonical double covering, then the blowup ^po,w is the usual blowup in algebraic 
geometry. 

(b) Suppose X is the semialgebraic cone (see Figure [T2|) 

X = { (x,y,z) E z2 = x2 + y^ \z\<l] 

and pq is the origin. Assume w{x, y, z) = \z\. Then the link of pq consists of two circles. 

We can choose /i in many different ways. For example, we can choose /x = /xi : S'^US^ — > 
to be the natural identification map, or we can choose = /i2 : U S"^ ^ {0, 1} to be the 
map which collapses each of the two circles to a different point. The resulting blowup spaces 
Xw,^ are depicted in Figure [12j 

These types of blowups appear in Morse theory, when we cross a level set of a 3-dimensional 
Morse function containing saddle point. □ 



11. SiMPLICIAL FLOWS 

In the sequel, a combinatorial simplicial complex (or CSC for brevity) is a finite collection 
% of nonempty finite sets with the property that 

A^K, B C A=^ B £X. 

The sets in K are called the open faces of K. The union of all the sets in K is called the 
vertex set of K and will be denoted by V(3C). The dimension of an open face A £ % is the 
nonnegative integer 

dim A := #A - 1. 

We set 

dim K := max{ dim A; A £ JC^. 

A vertex is a 0-dimensional face. 

For every subset yi C 3C we define its combinatorial closure to be 

cIc{A) = {BgX; 3AeA: BcA,}. 

A subcomplex of DC is a subset A G % such that A = clc{A). The i-th skeleton of % is the 
subcomplex 

Xi = {A£K; dim^<^}. 
For any subset S C V(JC) we denote by 3'{S) the subcomplex of JC spanned by the faces with 
vertices in S, 

J(5) ■.= {A£X; Acs}. 

For any vertex v of JC, we denote by L{v) = L{v,3C) the set of vertices adjacent to c in %, 
and we set 

S{v) = S{v,X) :={p}ULp. 
The combinatorial star of f in 3C is then the subcomplex 

S{v) = §{v,X) := 9"(5(?j)), 
while the combinatorial link of v in IK is the subcomplex 

ii{v) = ii{v,X) := S'iLiv)). 

For every finite set S we denote by M'^ the vector space of functions 5" — > M. M'^ has a 
canonical basis consisting of the Dirac functions {6s)s(^Si where 
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For any subset A C S we denote by conv(^) the convex hull of the set 

{Sa, aeA}c R^. 
If 3C is a CSC, then the geometric realization of % is the closed subset 

\X\ = [j conv(.4) cM^(^). 

We denote by St{v) the geometric realization of §{v) and by Lk(i;) the geometric realization 

of 

Example 11.1. (a) Suppose (-P, <) is a finite poset (partially ordered set). Then the nerve 
of (-P, <) is the CSC N(P, <), with vertex set P, and open faces given by the chains of P, 
i.e., the linearly ordered subsets of P. For any poset P we will denote by \P\ the geometric 
realization of its nerve 

\P\ := |3^(P)|. 

We say that two posets are homeomorphic or homotopic if the geometric realizations of their 
nerves are such. 

(b) Suppose IK is a CSC. Then IK is a finite poset, where the order relation is given by inclusion. 
The nerve of (X, c) is called the first barycentric subdivision ofX, and it is denoted by DX. 
We define inductively 

:= D{D''X) 

We say that D^X is the n-th barycentric subdivision of X. 

(c) Suppose Xi and X2 are two CSC's with disjoint vertex sets Vi, V2. We define the join 
of Xi and X2 to be the CSC Xi * X2 with vertex set Vi U and faces Fi U F2, e X^. 
The join of a CSC and a point which is not a vertex of X is called the cone on X and it is 
denoted be Cone {X). 

(d) If OC is a CSC then the suspension of X is the CSC S3C defined as the join of X with the 
CSC = {{TV},!^}}, where N,S ^ V{X). The n-th iterated suspension of X is defined 
inductively as 

:= S(S"-i3C). □ 
If Xq and Xi are two CSC-s, then a CSC morphism from Xq to Xi is a map 

/ : V(aCo) ^ V(3Ci), 

such that 

A^Xq^ J{A) e Xi. 
A morphism / : Xq — > Xi induces a morphism Df : SXi SXi between the first barycentric 
subdivisions, and a continuous, piecewise linear map : |DCo| — > \Xi\. 

Definition 11.2. (a) A dynamical orientation on the CSC OC is a binary relation on V{X) 
with the following properties. 

• li u V then {u, v} is a one dimensional face of X. 

• For any open face A e X, the restriction of to ^ is a linear order. 

(b) A combinatorial flow is a pair {X, ■^), where 3C is a CSC and is a dynamical orientation 
on X. □ 

If {X, ~~*) is a combinatorial flow, and p G V{K) then we set 

Lip-^):={ueV{Xy, p^u}, :=^(L(p^)), 
W{p ^) := L{p U {p}, W(p ^) := 3^(W(p ). 
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The sets W{-^ p), L{~^ p) etc., are defined in a similar fashion. We will say that ^{p is 
the unstable combinatorial link. 

Using the construction in Example 12. 101 we can associate to any combinatorial flow {%, 
a tame flow $ = <1>~^ on the geometric realization |3C|. We will say that is the simplicial 
flow determined by the dynamical orientation 

Theorem 11.3. Suppose (IK, is a combinatorial flow, and <I> is the simplicial flow on \%\ 
associated to Then the following hold. 

(a) The map 

is a bisection from the vertex set of % to the set of stationary points of^. 

(b) For every vertex v of %, the Conley index of 5^ £ \JC\ is homotopy equivalent to the 
pointed space 

|Cone {Liv -^)\/mv ^)|. 



Proof. Part (a) is obvious. To prove (b) observe that the star St(t;) is a compact, flow 
invariant neighborhood of 6^. Thus, the Conley index of 6^ in Aff (X) is homotopy equivalent 
to the Conley index of 5^ in St(t>). 
Observe that we have a partition 

S{v) = {p} U v) U li{v -w). 

Now define 

f : S{v) ^ {-1,0,1} 

by setting 



''o u = V 



fin) 



u G v) 
-1 n € L{v ~^). 

The function / induces a piecewise linear function St(t;) [—1,1] which, for simplicity, we 
continue to denote by /. 

From the explicit description in Example 12.101 of the canonical tame flow on an affine 
simplex we deduce that 6^ is a Morse like stationary point of the flow $ on 81(11), and / is a 
tame local Lyapunov function adapted to 5^. The result now follows from Theorem 19.101 □ 

Example 11.4. The cheapest way of producing a dynamical orientation on a CSC % is to 
choose an injection 

/ : V{%) M. 

Then we define 

x-^y f{x) > f{y), {x, y} G %. 

Then / defines a piecewise linear function / : \%\ ^ R which is a tame Lyapunov function 

for the simplicial flow determined by 

Alternatively, the restriction of a generic linear map / : M'^(^) ^ M to the affine reahzation 
is injective on the vertex set. This function is a stratified Morse function in the sense of 
Goresky-Macpherson, and in this case, the Conley index computations also follow from the 
computaions in [15] of the local Morse data of a stratified Morse function. □ 
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Let us present a few applications of this result to the homotopy theory of posets. We need 

to introduce some terminology 

Suppose (P, <) is a finite poset. Recall that for any x,y £ P we define the order intervals 

[x, y] := G P; x<x<y^, (x,y) = {zGP; x<z<y^ 

and we say that y covers x if [x, y] = {x, y}. We write this y > x. We define 

P<^:={xGP; x<y}. 

An order ideal of P is a subset I C P such that 

x€l ^ P<^Cl. 

For every chain xq < xi < ■ ■ ■ < Xk in P, wc will refer to the integer k as the length of the 
chain. Given x < y, we define £{x, y) the be the maximal length of a chain originating at x 
and ending at y. Observe that 

X <y i{x,y) = 1. 

Finally, we will say that a poset is contractible, if it is homotopic to the poset consisting of 
a single point. 

A function / : P — M on a poset P is called admissible if 

f{x) = f{y) X and y are not comparable. 
Suppose / : P — M is admissible. For every a; G P we set 

V+{x) = V+{xJ):={y>x; f{x)>f{y)], §+{x) = §+{x, f) := {x} UV+{x), 

V-{x) = V-{x,f) = {z<x; f{z)>f{x)}, §-{x)=§-{x,f):={x}DV-ix). 

Remark 11.5. Here is the intuition behind the sets V^{x, /). Note that these sets are empty 
for every a; G P if and only if / is a strictly decreasing function. In other words, the sets 
V^{x) collect the "violations'^ at x of the strictly decreasing condition. □ 

The admissible function / defines a partial order 

X ^fy <S=^ f{x) > f{y) and x <y, 

so that 

V~{x) = {yeP; y^fx}, V+{x) = {zeP; x^fz}. 

If / : P — > M is a we have a simplicial flow on the nerve of P given by the dynamical 
orientation 

X -w y <^=^ /(x) > f{y) and x and y are comparable elements of P. 

Every point x G P is a stationary point of this flow. We denote by hf{x) its Conley index. 

f 

The unstable combinatorial link £(x of x is the nerve of the poset 

F+(x)U(P<,\F-(x)), 

which is the join 

J<{V+ix))*yi{P<.,\V-{x)). 

Definition 11.6. Suppose / is a real valued admissible function on the poset P. A point 
a; G P is called a regular point of / if one of the posets (x) or P^x \ ^~ [x) is contractible. □ 

Corollary 11.7. //ar is a regular point of f then its Conley index is trivial. □ 
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Definition 11.8. Suppose / : P — > M is a real valued admissible function on a poset P. 

(a) We say that / is coherent if 

X y =^ f is strictly increasing on the interval [x,y]. 
The order of a coherent function is the nonnegative integer 

uj{f) := max{^(x,y); / is increasing on [x,y] }. 
A Morse-Forman function is a coherent function of order < 1. 

(b) We say that / satisfies the condition C+ if it is coherent and there exists a map 

C+:P^P 

such that 

X < C+{x) and §~^{x,f) = [x,C+{x)], Vx G P. 

We say that / satisfies the condition C_ if it is coherent and there exists a map C_ : P ^ P 
such that 

x>C7_(x) and §~ {x, f) = [C-{x),x], Vx G P. 
We say that / satisfies the condition C if it satisfies both C+ and C_. □ 

Example 11.9. (a) Any strictly decreasing function on a finite poset P is a coherent function 
of order zero. 

(b) Suppose % is a CSC with vertex set V, i.e. an ideal of 2^. Then a discrete Morse function 
/ : 3C — > M of the type introduced by R. Forman in [13] is a Morse-Forman function on the 
poset of faces of a CSC. 

(c) If / : P — > M satisfies C_, and / C P is an ideal, then f\i satisfies C_. 

(d) In Figure [13] we have depicted a coherent function of order two on the poset of faces of 
the two dimensional simplex. The arrows indicate the dynamical orientation determined by 
this function. This function also satisfies condition C. 



4 




Figure 13. A coherent function of order 2. 

□ 

Corollary 11.10. // / : P — > M is a function satisfying condition C+, then any point x £ P 
such that X ^ C+(x) is a regular point. 

Proof. If X / C+(x), then the nerve of V+(x) is a cone with vertex C+(x), hence contractible. 

□ 
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(F,Ti]n(F,T2] 



In the remainder of this section, we will assume that P is the poset 3^{X) of faces of a 
regular CW -decomposition of a compact space X. 

Observe that the intersection of two faces is either empty, or a face of X, i.e., 3^{X) is a 
meet semilattice. By \29i Thm. III. 1.7], geometric reahzation of the nerve of the poset S^iX) 
is PL homeomorphic to X. In particular, if F G 3'{X) is a closed face, then 3'{X)^f is the 
union of all the proper faces of F so that the geometric realization of the nerve of 9'{X)^p 
is PL homeomorphic to the PL space dF = ^dimF-i gjmilarly, the geometric realization of 
3^{X)<,F is PL homeomorphic to the closed ball F = D'^™^ equipped with its the natural 
PL structure. 

Suppose / : S'{X) — > M is a coherent function. For any face F we denote by V^^^{F) the 
maximal elements in V~^{F). Since / is coherent, we deduce 

V+{F)= U (F,r]. 

Observe that 

''0 TinT2 = $ 

jF,rinr2] TihTs/©. 

Denote by M^{F) the CSC with vertex set Vmaxi^) such that {Ti, . . . ,Tfc} is a face if and 
only if Ti n • • • n Tfc 7^ 0. In other words, M+(F) is the nerve of the cover y]j.^y+ (^p^{F, T]. 
The order intervals (F, G] are contractible and we deduce from the Nerve Theorem [2], Thm. 
10.6] that the nerve of V~^{F) and AI^{F) have the same homotopy type. We obtain the 
following consequence. 

Corollary 11.11. Suppose f : 3'{X) — > M is a coherent function. If M^{F) is a (non-empty) 
contractible CSC, then F is a regular point of f. □ 

Remark 11.12. Observe that the coherent function / : 3"(X) M satisfies condition C+ if 
and only if, for every face F, the simplicial complex M~^{F) is either empty, or consists of a 
single point. □ 

Suppose now that / satisfies C_. Fix a closed face F, and set F_ = C^{F). In other 
words 

B<F, f{B) > f{F)^ B €[F^,F]^V-{F) = [F-,F). 
For any B < F set 

e{B,F) :=JM^)\[B,F). 

Lemma 11.13. For any B < F, the geometric realization of the nerve of the poset Q{B,F) 
is homeomorphic to the ball B)'^™^. 

Proof. Denote by Y the union of proper faces of F which do not contain B, i.e. 

Y =Gee(B,F) G. 

y is a PL space and the geometric realization of the nerve of Q{B,F) is PL homeomorphic 
to Y. 

We set n := dimi*", and we assume F C M". Choose a point bo a point in the relative 
interior of B, and for every r > denote by the intersection of F with the sphere of 
radius r in R" centered at 60 • For r sufficiently small, is homeomorphic to a closed ball 
of dimension n — 1. For every x £ F \ {bo} we denote by ar{x) the intersection of the line 
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[6o)2;] with the link L^- For r > sufficiently small, the map Gr defines a homeomorphism 
Y ^Lr. □ 

Note that Q(B,F) consists of all closed faces of dF which do not contain B. Denote by 
dF\StB the union of all the closed faces F' £e{B,F). 

Theorem 11.14. Suppose f : 3^{X) —>■ M satisfies C_. If F ^ C^{F) then F is a regular 
point of f , while if F = C^{F) then the Conley index of F with respect to the simplicial flow 
defined by f is 

hf{F) = [|Cone(5<^''"^-i*M+(F))|, \S'^''^^-^ * M+ {F)\] 
~ [ConeS^''^^|M+(F))|, T.*'^ ^ \M+ {F))\] . 



Proof. If F ^ C (F) then Lemma fl 1.131 shows that the poset 3^(X)^p\V (F) is contractible, 
and thus F is a regular point. If F = C-{F), then ^X)< F \ V-{F) = J(X)<f, and the 
poset 3'<cx is PL homeomorphic to the sphere 5*^™^-!. The poset V^{F) is homotopic to 
|M+(F)| and thus 

\L{F X)| ~ ^dimF-l ^ \M+{F)\ ~ S<^™^|M+(F))|. 
The result now follows from Theorem 111.31 □ 

For any face F G 3^{X) we denote by J'm+(f)(^) the Poincare polynomial of the reduced 
homology of \M^{F)\, with the convention that 

^MnF)it)=t-' if M+(F) = 0. 
Denote by Mp^tit) the Poincare polynomial of the reduced homology of \Si{F -^)|. Then 

and from (j9.3p we deduce the Morse inequalities 

t'''^^+'TMnF)it)hTx{t). (11.1) 

F=C^{F) 

Observe that if / satisfies C, then for any face F the simplicial complex M^{F) is either 
empty, i.e. C+(F) = F, or consists of a single point, and F ^ C+(F). In this case, the Morse 
inequalities are very similar to the classical ones 

F=C.{F)=C+(F) 

Example 11.15. In the left-hand side of Figure [U] we have depicted a coherent function / 
of order two on the poset of faces of a 2-dimensional (affine) simplicial complex X. It satisfies 
the condition C_, but it does not satisfy the condition C+. The simplicial flow determined 
by this function is depicted the right-hand side of the figure. 

The vertices labelled by 4, 1 and —1 correspond to the faces F satisfying the condition 

i^ = C_(F), 

so these are the only stationary points of the flow which could have nontrivial Conley index, 
and thus could potentially affect the topology of X. For a vertex v such that f[v) = 1, the 
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simplicial complex M^{v) is contractible (it corresponds to the barycenter of an edge labelled 
0) and thus the Conley index is trivial. 

If f is a vertex such that f{v) = 4, then the simplicial complex M^{v) consists of two 
points (labelled A, B in the figure) and we deduce that the Conley index of such a point is 
[5^, *]. In this case we observe that the Morse inequalities become equalities, and we see that 
we can use the flow to collapse X to a wedge of 3 circles. □ 




Figure 14. A C_ function of order 2 and its associated "gradient" How. 

Remark 11.16. (a) It is not hard to prove that if / is a coherent function on the poset 3'{X) 
of faces of a polytopal decomposition of PL space X, then we can modify / to a coherent 

injective function g : 3'{X) — > M such that -w=-w. 

(b) If / : 3'{X) — > M satisfies the condition C, then we can use the flow determined by / to 
extract information about the simple homotopy type of X. If the order of / is < 1, then / 
is a discrete Morse function of the type introduced by R. Forman, and many of the results 
|13j follow from general properties of the Conley index and tame flows. We will not pursue 
this point of view. 

(c) One of the drawbacks of this theory is the lack of a general technique for constructing C_ 
functions. Here is one possible method of addressing this issue. 

We observe that any CSC with vertex set V is an ideal of the poset 2^ of nonempty subsets 
of V. Any function / : 2^ ^ M satisfying the condition C_ restricts to a function with the 
same property on any ideal. Thus a good understanding of the C_ functions on the poset of 
faces of a simplex could potentially lead to a large supply of C_ functions on the poset of 
faces of a CSC. 

A C_ function on 2^ has a very combinatorial description. It is a function / : 2^ — > R 
satisfying the conditions 

• UA(^B then f{A) / f{B). 

• U A,B ^ A,B C C and f{A), f{B) > C then A n / 0, and for every D such that 
AnBQDQCwe have 

fiAnB)>f{D)>f{C). 

The group of permutations of V acts on the right on the space of functions 2^ M. Also, 
the group of increasing bijections of M acts on the left on the space of such functions. It 
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would be interesting to have an estimate on the number of orbits of injective C_-functions 

^ M. □ 

12. Tame currents 

In this final section we will describe a natural tame generalization of the subanalytic 
currents introduced by R. Hardt in [19]. Our terminology concerning currents closely follows 
that of Federer [15] (see also the more accessible [30] ) . We will then use the finite volume flow 
technique of Harvey-Lawson |20j for certain tame flows on compact real analytic manifolds 
to produce interesting deformations of the DeRham complex. 

Suppose X is a C^, oriented manifold of dimension n. We denote by ^k{X) the space of 
/c-dimensional currents in X, i.e., the topological dual space of the space Ojp^(X) of smooth, 
compactly supported A;-forms on M. We will denote by 

the natural pairing. The boundary of a current T E Qk(X) is the {k — l)-current defined via 
the Stokes formula 

{a,dT) := {da,T), Va G n'^pt^X). 
For every a e n''{M), T e n.m{X) , k < m define a n T G by 

(anr,/3) = (r,aA/3), y(3en:-r+Hx). 

We have 

{d{a n T), /3) = ( (a n T),dp) = (T, a A dP) 
= i-l)''{T,d{aAp)-daAP) = {a D dT, (3) + {-lf+\danT,P) 

which yields the homotopy formula 

d{anT) = (-i)'^°s"(anar- ((iQ)nr). (12.1) 

The pair {X,orx), orx orientation on X, defines a current [X, orx] G r2n(X), called the 
the current of integration along X. The current [X, or^] defines an inclusion 

n''{X)^n^_k{X), a^an[X,orx]. 

If Xq,Xi are oriented C^-manifolds of dimensions uq and respectively ni, and / : Xq Xi 
is a C^-map, then to every current T £ $7fc(Xo) such that the restriction of / to suppT is 
proper, we can associate a current /=kT G defined by 

If D C M" is a tame submanifold of of dimension k. Then any orientation otd on 
D determines a /c-dimensional current [D,or£)] via the equality 

{a,[D,orn]) := / a, Va G J7^pj(M"). 
Jd 

The integral in the right-hand side is well defined because any compact, /c-dimensional tame 
set has finite /c-dimensional Hausdorff measure. We denote by 'Jfc(M"') the Abelian subgroup 
of r2fc(R"') generated by currents of the form [D,orjj] as above, and by T^(M"') the vector 
space spanned by such currents. We will refer to the currents in Tfc(]R") as (integral) tame 
currents. The support of a tame current is a tame closed set. 
For every closed tame set S C M" we define 

6^(5) := { T G Tfc(R"); suppT, suppdT C S}. 
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Observe that we obtain a chain complex (C,(5),c?) 

■ ■ ■ ^ QkiS) ^ Qk-iiS) ^ ■ ■ ■ . 

Suppose C^-map / : M"* whose restriction to the tame set S C M" is proper. Then / 

induces a morphism of chain complexes : C»(5') — > C,(/(5)). Arguing as in the proof of 
\19\ Lemma 4.3] we obtain the following result. 

Lemma 12.1 (Lifting Lemma). Suppose f is a tame C^-map of an open neighborhood of 
a tame set S such that the induced map S fiS) is a homeomorphism. Then the induced 
map f^ : Q»{S) S,(/(S')) is an isomorphism of chain complexes. □ 

We can use the lifting lemma as in R. Hardt did in [19] to show the following result. 

Proposition 12.2. Suppose Si S M"S i = 0, 1 are tame sets. Then any proper, continuous 
tame map f : Sq ^ Si induces a morphism of chain complexes 

/# : e.(5) ^ e.iSi). □ 



We recall the construction of this map. Denote by C M"^ the graph of /. We 

obtain a "roof" 




5*0 Si 

where the left map i and the right map r are induced by the canonical projections R"" xM"! — > 
R*^'. Observe that Iq is a homeomorphism and r is proper of Fj. If T G Ck{S) we define 
using the Lifting Lemma 

/#r := r^r^'T. 

We would like to explain how to geometrically describe the boundary of a tame current. 
This would require the notion of tame tube around a tame submanifold of M". 

Suppose M C R" is a C^-manifold, p > 2. We denote by !N(M) the normal bundle of M 
in R", i.e., 

>[(M) := {(t;,x) G R" X M; v±T^M}. 

Observe that if M is tame, so is !N(M). We let p = pjyj : J^(M) M denote the natural 
projection, and r = tm '■ 3M"(M) — > [0, oo) denote the radial distance function defined by 

r{v, x) = \v\, 

where |f | denotes the Euclidean length of v. Observe that p and R are tame if M is tame. 
We denote by exp : ]M"(M) R the exponential map 

exp(f , x) = X + V. 

Observe that if M is tame, then so is exp. 

A tube around M in R" is an open neighborhood U oi M such that the exponential map 
induces a C^-diffeomorphism 

exp : exp~^(J7) U. 
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To each tube we can associate a projection tt = ttjj : U ^ M, and a radial distance function 
p = pu ■ U ^ [0, oo) defined by the commutative diagrams 

Cxp _1 /ttn ^'^P 



U 



exp 



-Hu) 



u 



M M>o 

A tube U around U is called tame if U is tame, and there exists a tame function 

e : M ^ (0,00) 

such that 

exp-^{U) = {{v,x) eJ^iM); \v\<£{x)}. 

We will refer to e as the width function of the tame tube. From [TJ Thm. 6.11, Lemma 6.12] 
we obtain the following result. 

Theorem 12.3 (Abundance of tame tubes). Suppose M is a tame submanifold o/M", 
p > 2. Then any tame open neighborhood of M contains a tame tube with width function 
strictly smaller than < 1. □ 



Fix p > 2, and suppose D is a tame, connected, orientable C^-submanifold of R"' of 
dimension m. Fix an orientation or = ovd on D, and a Verdier stratification of D such that 
D is a stratum. Recall that this implies that the Whitney regularity condition is satisfied as 
well. Denote by (-DJ„)i<i<;/ the (m — l)-dimensional strata of this stratification. Set 

n 

D:=cl{D)-D, D^:=\JdI. 

1=1 

Then D\D ^ is a tame set of dimension < m — 1. 

Choose a tube Ui (not necessarily tame) around Dl^ in with projection vTj, and radial 
distance pi with the following properties. 

• The map 

TTiXpi-.UinD^Dlx (0, cc), 

submersive. 

• There exists a smooth function di : D\y — > (0, 00) such that the restriction of vr to 
the set D Ci {pi = di} is a locally trivial fibration, and the set D D {pi < d^} is 
homeomorphic to the mapping cylinder of vTj : Z) n {pi = di} D^j. 

The existence of such a tube is guaranteed by the normal equisingularity of strata of a 
Whitney stratification (see Lemma II. 2. 3, Thm. II. 5. 4]. 

Using Theorem 112.31 we deduce that there exists a tame tube Wi C Ui around D'!^. Using 
[71 Lemm 6.12] we can even arrange that the width function of Wi satisfies £i{x) < ^di{x), 
Vx G D^. We will say that Wi is a Whitney tube of (relative to D). 

Fix Xi E D^,, and set 

Si:={yeD; TTi{y) = xq, pi{y) = ei{TTiy)] = {iii x pi)~^{xi,ei{xi)). 

Si is a tame zero dimensional set so that it is finite. 

The restriction of TTj to Li := D Ci {pi{y) = ei{-Kiy) } is a locally trivial fibration over D^j 
with fiber Si, and the set D n {pi < Si{7riy)} is homeomorphic to the mapping cylinder of 
vr,; : Li DI.. 



83 




D 



D,(t) 

D 



Figure 15. Normal equisingularity in codimension 1. 

For t € (0, 1), and s ^ Si, we denote by Ds{t)^ the component oi D (1 {tSi < pi < Si,} 
containing the point s, and we denote by Ds{t) its boundary (see Figure [T5]) . 

Ds{t) := {y G Z)+(t); p,{y) = ^^(vry) }. 

The orientation or on D induces orientations on the components Df{t), and in turn, these 
define orientations on their boundaries Ds{t) via the outer-normal- first convention. The 
projection tTj induce diffeomorphisms VTj : Ds{t) — > D^j, and thus orientations or^ on M. We 
have the following result. 

Theorem 12.4 (Generalized Stokes formula). 

V 

i=l seSi 

Proof. We choose a triangulation of D such that all the open faces are tame C^-manifolds 
and each one of them is contained in a stratum of the Verdier stratification. This reduces 
the problem to the following special case. 
Denote by Am the standard m-simplex 

m 

Afe := {(^0, • • • 5 *m) S M>(^^; tj = l] 

j=0 

We denote by eo, . . . , the vertices of A^, and for every I C {0, . . . , m} we denote by 0/ 
the open face spanned by the vertices ei, i £ I. 

We define a tame m-simplex to be a pair D = (Am,/), where / : A^ R" is a tame 
continuous map with the following properties. 

• The map / is a homeomorphism onto its image. 

• The images of the open faces are C^-submanifolds. 

• The collection of images of the open faces of A^ form a Verdier stratification of 
/(Afe). 
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For a tame m-simplex D = (A^, /) and / C {0, . . . , m} we will write 

Df{I) :=/(0/). 

For simplicity, we will write 

Df ■.= Df {{{),..., m]), D'} = D{{0,...,k,...,m}), hd{D) := D \ D f . 

f induces orientations ovf on Df, and or^ on Dj. The theorem is then a consequence of the 
following equality 

m 

d[Dj,orf]=Y,i--^nD'},or,]. (12.2) 

k=0 

Denote by [A^] the tame current defined by the standard m-simplex equipped with the 
orientation defined by the frame (ei — eg, . . . ,6^ — eo), where (cj) is the canonical basis of 
jgm+i_ Ugj]2g Proposition 112.21 (or rather its proof) we deduce 

[Df,orf]=f#[A^]. 

The equality (jl2.2|) follows from the fact that is a morphism of chain complexes 

d[Df,orj] = f#d[A^m]. □ 

Remark 12.5. (a) To detect the boundary contributions [-D^jOr^] we do not need to know 
precisely a Whitney stratification of D. We look at the (m — l)-dimensional stratum D, and 
orient it in some fashion using an orientation org. 

Next, find a tube (T, vr, p, e) around D and consider the shrinking tubes 

Ts:={zeT; p{z) < se{7rz)} , sG(0,1). 

We denote by dTg rtl D the subset of dTg where the intersection is transversal. 

Suppose that, for all s, the set dTg rtl D projects properly via vr onto a dense open subset 
Dreg of D. We denote by D^^g the components of Dreg, and by 5Tj n D the preimage of 
Dl^g in dTg n D via vr. Then the components of dT^ n D are equipped with orientations as 
boundary components of D \ , and we denote by the degree of the map 

7r:dT:nD^Dl,g. 

Then 

d[D]=Y,ni[DUg,or9]. 

i 

(b) The proof of the very simple and natural statement of the Lifting Lemma requires quite 
sophisticated results in geometric measure theory. In Appendix A we present a proof of (jl2.2p 
which does not use the Lifting Lemma so that the reader could appreciate the subtlety of 
this result, and the strength of tame geometric techniques. □ 

We want to apply the above facts concerning tame currents to the study of asymptotics of 
certain simple tame flows. 

Consider the standard simplex Am, with vertices eg, ... , 

G M'"+i. This labelhng of the 

vertices defines a tame flow <I>t on A^ and a flow on its boundary bd{Am)- Consider the 
tame, increasing homeomorphism 

_ , , t 
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For every tame subset of C M (i.e. a finite union of open intervals and singletons) we define 
:= I (r(t),a;,$ja:); x G A„, t G 5 } C [-1, 1] x A„ x A^. 

The projection 

[-1, 1] X A„ X [-1, 1] X A„ ^ Am, (r, x,y,) ^ (r, x) 
defines homeomorphisms 



r-^ ^ 5 X A 



We orient S in the canonical way as a tame subset of M. We fix an orientation OTm on 
Int Am ■ Using the above homeomorphism and the orientation or^ we obtain and orientation 
on the top dimensional part of F"^, and thus a tame current [F"^]. 
For simplicity we will set 

p+ -pfOjOo) p— p(— 00,0] pt p{t} 

The boundary of A^ is ^ invariant, and we denote by <I>^ the flow induced by <1> on the 
boundary. We orient the boundary using the orientation induced from ovm- Using the flow 
and the orientation doVm we define in a similar way the currents [Fg], S tame subset of 

R. 

Every tame subset C M canonically defines a tame current [S] C T,(M). To avoid 
notational overload we will continue to denote the current [S] simply by S. and we can 
extend by linearity 

S^[T% [Ff] 

to the maps 

3 [S] ^ [r% [Ff] G T.([-l, 1] X A^ X Am- 
If 5" G T,(M) is a compactly supported tame current, then 

5[F^] = F^^ + (-l)'^''^^[Ff]. 

In particular, we have 

5[r[o,T]]^[pTj_[pO]_[p[o,T]^^ (12.3a) 

g[p[-T,0] ] ^ [pO] _ [pT] _ [p[-T,0] j_ ^-^2.3b) 

We denote by 'K'^ the d-dimensional Haudorff measure. If C M is a compact tame set then 
both F"^ and Ff have finite Hausdorff measures of dimensions m + dim S and m — 1 + dim S 
respectively. Arguing exactly as in the proof of Lemma lA. 51 we obtain the following result. 

Lemma 12.6. (a) As T — > cxd the current [T^^''^^ ] converges in the mass norm to [F+], and 
the current [f'""^''^] ] converges in the mass norm to [T~ ], i.e., 

lim :k"+^(f[^'°°)) = 0= lim :>{'"+i(f(-°^'-^]). 

(b) Similarly, as T ^ oo the current [F^'"^'] converges in the mass norm to [F^] and the 
current [Fq '^'^^ ] converges in the mass norm to [F^]. □ 

If we let T ^ oo in the equalities (|12.3ap and (|12.3bl) we obtain 

aF+ = [F°°] - [FO] ~ [Tg ], (12.4a) 
5F- = [F0]-[F— ]-[F.], (12.4b) 



LIVIU I. NICOLAESCU 



where [r°°] is a tame current supported in cZ(r"'') \r^ and [r^°°] is a tame current supported 
in cZ(r~)\r~. We will use the generalized Stokes formula to obtain a very explicit description 
of the currents [r^°°]. This will require some more terminology. 

For every k G {0, ...,m}, denote by the stable/unstable variety of the stationary 
point efc of the flow <I>. If (ig, • • • , ^m) denote the barycentric coordinates on then 

= {{to,- ■ ■ ,tm); tj = 0, yj > k, ti<l, yi < k} = [sk,. . . ,em]\[ek+i,- ■ ■ ,em], 

WfT = {{to, . . . ,tm); ti = 0, yi < k, tj<l, yj > k} = [ek,...,e.m]\[eo,...,ek-i]. 

Proposition 12.7. 

suppr°° c\JW^ X W^, (12.5a) 



e>k 

suppr-~ C U VTfc- X W+, (12.5b) 

Proof. The inclusion ()12.5bp follows from (jl2.5ap by time reversal so it suffices to prove 
(jl2.5al) . Suppose (xoo,yoo) G r°°- From the curve selection property, we can find continuous 
definable paths 

[0, oo) 9 S I — > ts G M, Xs £ Am, 

such that as s — > oo we have 

t.s ^ oo, Xg > ^oo, ^ts^^s ^ Voo- 

If Xs is a stationary point for all sufficiently large s then Xoo = Uoo and the conclusion is 
immediate. We assume that Xg is not a stationary point for any s > 0. 
Denote by Cg the portion of trajectory 

Cs = {^txs; t e [0,t,]} 

and form the strip 
We set 

Coo := cZ(S) \ S. 

Observe that Coo is a compact, (^-invariant, tame subset of A^. Moreover Xoo G Coo. 
Denote by / : — > the affine function uniquely determined by the conditions 

f{ei) = i, Vi = 0, . . . ,m. 

For £ > sufficiently small define 

E,:={peAm; \f{p)-f{ei)\<e}. 
Ei is an open tame neighborhood of Cj and if e < ^ we have 

EinEj = ^, Vi/j. 

For every i = 0, . . . , m we set 

Ai,{s) :={te [0,ts]; ^txs eEi}. 

Note that because / is a Lyapunov function for / the set Ai{s) is a (possible empty) connected 
subset, for every i and s. We have (m + 1) definable families of definable sets 

(^o(s)),e[o,i),---,(^m(s)),g[o,l)- 
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For every i = 0, . . . ,m and every s > we denote by Li{s) the length of the interval Ai{s) 
Define the relevant set 

i? := { i = 0, . . . , m; lim Lj(s) = ooj. 

Note that 7^ 0. Indeed, if i? = 0, using the fact that Xs is not a stationary point, we deduce 

CooH {eo,...,em} =0. 

This is impossible since Coo is a compact invariant subset so it must contain stationary points 
of 

Fix So > such that 

Ar{s) / 0, Vs > So, r £ R. 
Since the flow $ admits a Lyapunov function / we deduce that, for every s > so and ri,r2 £ R 
such that r2 > ti, the interval Ar^is) is situated to the left of the interval Ar-^{s) (see Figure 

I • — • — • — • — • 



A^(s) A^(s) 



Figure 16. The relevant intervals 

More precisely, this means 

t2<ti, VtieAi(s), h^Ar^is), s > So, r-2 > ri. 

Now define 

i = max R, k = min R. 
We deduce that ^^ooa^oo = e^, i-e. Xoo G VF/, and $_oo2/oo = efc, i-e. yoo G □ 

Observe that 

dim X W,: = {m - £) + k 
to that the m-dimensional strata of are contained in 

m 

U X W,. 

k=0 

Hence, if we fix orientations or^ on x WjT we obtain an equality of the form 

[r°°] = ^^n,k[W^ X W,,ork] (12.6) 

where €m,k are some integers. Our next goal will be to show that we can choose the orien- 
tations ovk in a natural way so that all the integers em,k are equal to 1. This will require a 
few more additional steps. 

The key step towards achieving our goal is a remarkable property of the simplicial fiow $f 
Denote by Tm the projection 

y : Am \ {e^} [eo, . . . , e^.i] 

defined by 

J'(x) := the intersection of the line e^x with the face [eo, . . . , Sm-i]- 
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Lemma 12.8 (Conservation of parallelism). Suppose the two distinct points xq,xi G Int 
determine a line parallel to the face [bq, . . . Sm-i]- i-c., they lie in a hyperplane {tm = const}. 
Then for every t G M, the line determined by the points ^ti^o) and ^ti^i) is parallel with 
the line determined by the points xo,xi and with the line determined by ymi^tixo)) and 

7mi'^t{xi)). 

Proof. We argue by induction over m. For m = 0, 1 the statement is trivially true. We 
assume it is true for Am and we prove its validity for Am+i. We denote by S the set {xq, xi}, 
and we set for simplicity J" = Tm+i. 

The set S C Int A^+i \ {em+i} is contained in a hyperplane {tm+i = c}, where c G [0, 1). 
The restriction of J" to Int A^+i n {tm+i = c} defines an affine map 

Int Am+i n {tm+i = c} ^ Int[ 

such that for any yo,yi G Int A^+i n {tm+i = c}, the line determined by yo^yi is parallel 
with the line determined by ^(yo) and J'(yi), and 

dist(yo, yi) = (1 - c) dist( y(yo), a'(yi) ) . (12.7) 

From the iterated cone description of ^ we deduce that IP o $f = $j o J", Vt G M. The lemma 
now follows from the inductive assumption. □ 

For £ G (0, 1) we define an e-neighborhood of G (see Figure [T7|) 

W^{e):={wGWt, \tk{w)-l\<e]. 




Figure 17. Organizing the (un)stable varieties of a simplicial Eow. 



Let k = 0, . . . , m, and consider a point u)+ in the relative interior of the stable variety of 



w+ G Int Wf^ = Int[ek, 
For e_ > we denote by 'N'^{w^,e+) the translate of W^(e_) at w 

7{^iw+,e^) := {w+-ek)+W^{e-). 
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For £„ > sufficiently small, this set is contained in A^- We denote by l^'j^{w+,e-)reg the 
regular (top dimensional) part of {w^ ) . 

If we denote by Vj^{w+) the affine A:-plane through w+, and parallel to the face [cq, . . . , e^], 
then Vjr{w+) intersects IntWj^ transversally at u)+, and for e > sufficiently small, 
J^^ {w+,e-) is a neighborhood of w+ in Vk+i{w) H Am- 

Similarly, for W- G Int , and e+ > we denote by 3sf^ {w- , e+ ) the translate of (£+ ) 

at 

If we denote by Vf^{w^) the affine (m— A:)-plane through w and parallel to the face [e^, . . . , Cm], 
then V^{w-.) intersects IntW^ transversally at w, and for e+ > sufficiently small, 
!}Sfj!"(w_, £-!_) is a neighborhood of in Vf^{w-) H A^. We denote by !N^(ii)_ , e_(_)reg the 
regular (top dimensional) part of !]Sfjl"(?i;_, e+). 

Proposition 12.9. Let k G {1, . . . ,m — 1}. Then there exist a definable function 

Tk : Int Wfl X Int x (0, 1) x (0, 1) ^ E, 

such that, for all (ii;+, tt;_, e_, e+) G IntW^ x IntWj^ x (0,1) x (0,1), and all 
t > Ti:{w+,W-,e-,e+), the normal slice 

intersects r*gg, the regular part of the graph of ^t, o-t a unique point. Moreover, the inter- 
section at that point is transversal in Int Am x Int Am- 

Proof. Observe that 

{X,y) G rtnJ<'f:{w+,e-)reg X y<^{W-,e+)reg 

if and only if 

y G $f(7vr^(t(;+,£-)reg) n'N+{w+,e+)reg, X = ^-tV- 

Moreover 

:£-)reg X ^^{W-,£+)reg 

Set w+{t) := ^tw^. From the conservation of parallelism we deduce that the set $t( 3sf^(zi;+, e)reg ) 
is an open subset of the affine plane VjT ( w+ (t ) ) . In particular, if ( ' ^)reg ) intersects 
N^(w;_l_, e)reg, it does so transversally. 

To understand the region $f ( >[^(t(;_|_, e_) ) better, consider the projections 

Tj : [eo,...,ej] \{ej} [eo, . . . , e^-.i], 

J'j(x) := the intersection of the line ejx with the face [eg, . . . , ^j-i]- 
We obtain a sequence of points 

w^,...,w'/\ wl 

defined inductively as 

Observe that (see Figure [T8]) 

wi_ G Int[ek, ...,ej], \/j > k, w'l = e^. 
Denote by S the composition 

§ = J'fe+l o • • • O I'm- 
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Figure 18. The sequence of shadows w^, . 



. , w^, when m = 3 and k = 1. 



From the conservation of parallelism and the iterated cone description of ^ we deduce 

S(N,(u;+,e-)) =T^,-(ce_), 
for some c > 1. We set w+{t) = ^tw+. Note that 

<i)^ o 8 = S o <|)j 

Using the conservation of parallelism we deduce that the map 
is a homothety. Now observe that 

§<i>t{J^^{w+,e-)reg) = ^>tS ( (w+ , £_ )^eg ) = $t (ce_ )reg ■ 

We conclude that 

<l>t(N+(u;+,e)) =?i+(u;+(t),e_(t)), 
and e_ (t) — > 1 as t — > oo (see Figure [T9|) . 




Figure 19. ^tO^^ depicted as the moving horizontal segment 

that is increasing in length. 
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Denote by = rfc(?i;+,t«_,e_,e+) the smahest real number T > — 1 with the property 
that 

w+{t) G and e_(t) > 1 - tk{w-), > T. 

If t > Tk{w+,w-,e-,£+), then affine /c-dimensional piece ^t{^^ {w+,e-)reg) intersects the 
affine (m — /i;)-dimensional piece N^(zi;_,e+) at a unique point (see Figure [T9]) 

yt = {w+{t) - Cfc) + {W- - Bk) + fifc. 

If we think of as the origin of our affine space then we can rewrite the above equahty in 
the simpler form 

yt = w+{t) + w-. 

Hence, the normal slice ^^(71;+, , e) := e_)reg x ^^(^-i £+)reg intersects F^g^ at 

a single point 

= {x{w+,w^,t), y{w+,w-,t)) = {^-t{w+{t) +W-), w+{t) (12.8) 
and the intersection is transversal. □ 

Observe that the map 

is upper semicontinuous in the variables {w-,w^), i.e. if 

Tk{w+,w^,e-,e+) < T, 
then there exist open neighborhoods U± of w± in Int such that, for all 

Tkiu+,u^,e^,e+) < T, V(n+,u_) £ U+ x C/_. 
Given T and U± as above we obtain for every t > T a tame continuous map given by (|12.8|) . 

U+xU-^^ {x{u+,u-,t),y{u+,u-,t) ) G F*gg, 

which is a homeomorphism onto its image. F*gg admits a natural orientation induced by the 
homeomorphism 

F*gg(x, ^tx) ^ X £ Int Am- 

We conclude that the homeomorphism ipt induces an orientation or = ort on C/+ x [/_ 
which is independent of t > T. For a different pair of points {w'j^,'w'_), and corresponding 
neighborhood U'j_ x U'_, the orientation or' on U'j^ x f/i obtained by the above procedure 
coincides with or on the overlap. We obtain in this fashion an orientation or^ on Int Wj^ x 
IntW^ . We would like to give a more explicit description of or fc. 

To achieve this, we place w± very close to € VF^, and we choose e± relatively large, 
say £± = ^- Then Tk{w+,W-,e-,e+) < 0, and it suffices to understand the homeomorphism 
ipt, t = 0. In this case the equation (|12.8p takes the simple form 

(n„,n4.) 1-^ (ii_ +n_|_,'u„ 

Thus ork is the orientation with the property that the map 

T^,W+ X Te, ^ TAm, (u+, n_) ^ n+ + 

is orientation preserving, where we recall that we have fixed an orientation or^ on Int ■ 
Let us observe that we have a natural tube T around {1} x IntWj!' x IntWj^ inside 
M X Int Am X Am defined as follows. 
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• Fix continuous definable functions e± : Int Wj^ (0, 1) such that 

• Set d : W+ x Int W~ ^ (0, 1), 

>/ ^ 2T{w+,w-, £- (w+ ) , £+ (w- ) ) , , r -,\\ 

• Define 

7= U [d{w^,w+),2]xJ{-{w+,e-{w+))xJ{+{w^,e+{w^)). 

(w- ,w+)Glnt X Int 

• Define vr : T ^ {1} IntW^ x IntW^ by TT(t,x) = ( l7r^(x), vr^ (x) ) where vr^ is the 
projection onto the affine plane spanned by and parallel with the plane spanned by . 
The fiber of vr over {w^ , W- ) is the PL ball 

'B{w+,w^) := [d{w-,w+),2] x K'^ {w+,e-{w+)) x 'N^{w^,e+{w^)) 
Then T^^g intersects the boundary of the ball 'B{w-^-,w-) exactly once, in the region 

{d{w+,W-)} X yi'f:{w+,e-{'W+))reg X {w^ , e+{w^) )reg- 

That intersection is transversal. Using the generalized Stokes formula, Remark 112. 5f a), and 
the equality (|12.6|) we obtain the following result. 

Theorem 12.10. Consider and affine m-simplex Am = [gq, . . . , Cm], and an orientation or^ 
on its relative interior. Denote by ^> the simplicial flow determined by the above ordering of 
the vertices of Am- Equip the cartesian product x with the orientation or~^ defined 
by the property that the map 

is an orientation preserving map from x W^^ to the affine plane spanned by Am and 
equipped with the orientation ovm- Then 

Y^iW^ X W^,ort] - [FO] = a[FP--)] + [Tf-\ 

k 

Similarly, we define an orientation or^ on Wj^ x with the property that the switch map 

iW^ X W^^or-) - {W+ X W^,ort) 
is orientation preserving. Then 

[r°] - Y.\^k X or,] = a[F(-'°i ] + [f(-°°'°1]. □ 

k 

We would like to use the above result, and the technique of Harvey-Lawson |20) to con- 
struct a canonical chain homotopy between the DeRham complex of a compact, real analytic 
manifold, and the simplicial chain complex associated to a tame triangulation of the manifold. 
Before we do this we would like to clarify a few issues. 

Suppose M is a compact, orientable, real analytic manifold without boundary. We assume 
M is embedded in some Euclidean space E. Let m := dimM. We fix an orientation otm 
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on M and a tame triangulation of M, which is a pair (IK, A), where % is a. CSC and A is a 
tame homeomorphism 

A : |DC| ^ M. 

We assume that the restriction of A on the relative interiors of the faces of % is C^. 

For every (combinatorial) face S" G we denote by A5 the image of the closed face 
IS" I C |3C| via the homeomorphism A, and by A^ the image via A of the relative interior 
of 1 5*1. We fix orientations or 5- on A^ so that the orientations on the top dimensional faces 
coincide with the orientations induced by the orientation of M. 

We denote by Cj{%, M) the subgroup of tame integral currents 7j{M) spanned by [A5, or^], 
= j + 1. The chain complex (C,(IK, M), d) is isomorphic to the simplicial chain complex 
associated to %. We form a cochain complex {C^{'X),6) by setting 

Ci{%) :=C„_fc(3C)55M, 5 = d. 

We see that this cochain complex is naturally isomorphic to the simplicial chain complex 
with real coefficients determined by %. 

Consider the barycentric subdivision 0% of %. We denote by 65 the vertices of D%. We 
have a canonical homeomorphism \D'K\ ^ |D<!|, and we thus a tame homeomorphism 

A' : \D'X\ M. 

We set 

xs ■■= A'{bs) G A5 C M. 
The simplicial complex DJC is the nerve of the poset (JC, c). We have a natural admissible 
function on the poset 3C, 

f -.X^Z, f{S) = dimS. 
This defines a dynamical ordering of DJC, and thus a tame flow ^ on \D%\ and, via A', a 
conjugate tame flow $ on M. We will refer to these flows as the Stieffel flows determined by 
a triangulation of M. The simplices A^ are invariant subsets of the Stieffel flow on M. The 
phase portrait of the Stieffel flow on a 2-simplex Ag is depicted in Figure [20l 




Figure 20. The Stieffel Eow on a triangle. 

From the definition, it follows immediately that the only stationary points of the flow <I> 
are the barycenters xs, and the unstable variety of xs is the open face A^. It is equipped 
with the orientation ors- 

If Ag is a face of dimension k with barycenter X5, then we define the normal star of xs 
to be the union of all (m — k) simplices of the barycentric subdivision whose vertices are 
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barycenters of faces T ^ S. We denote by St"'"(x5) the normal star. It is a tame (m — k)- 
manifold with boundary. Its boundary is called the normal link of xs, and it is denoted by 

For a barycenter S, we denote by "Ms the collection of maximal faces of % which contain 
S. Each S G M5 determines a top dimensional face Ax; D A5. A^; is a <I> invariant set and 
we denote by <I>^ the restriction of $ to As- The barycenter xs is a stationary point of 
We denote by Wgj, the stable variety of xs in A^ with respect to <I>^. We have the equality 

W^^s = ( St+(xs) \ Lk^ixs) ) n Ae. 
We deduce that the stable variety of xs in M with respect to the flow $ is 

We have a natural homeomorphism 

hs:St^{xs)xA°s^7s, 
where is a tubular neighborhood of A^. Using the orientation or 5 on A^, and the 
orientation ovm on T5, we obtain an orientation or^ on St"'"(xs) such that 

org X ors otm- 
This defines an orientation or^ on VF^. 
Define again T{t) = -^j^^- 

Tm = { iTit),x, <^tx ) G [-1, 1] X M X M; ±i > 0, }, 
r*v^ = {(x,«>tx)GMxM}. 
Denote by M the set of maximal simplices of JC. For S G M we define 

r| = { (T(t),2;,$ix) G [-1,1] X As X Ae; ±t > 0, }, 
= { (2;,^>t2;) G M X M}. 

As before, these tame sets are equipped with natural orientations and define currents [F^j], 
[F^]. Moreover 

Ee3Vt 

Using Theorem 112.101 and the fact that 



d[Aj:, or M]=d[M, or m] = 0, 



we deduce 

9[F+] = [F^,] - [tU = Y^i^s^^rj] X [Ws,ors] - [Fq] 

seoc 

= Y[St^{xs),or^] X [As, ors] -T^, 
Seoc 

and similarly, 

d[T-] = [FO] - [F— = [T%] - j;(-l)d-5(™-d-S)[^^^o^^] ^ [St^(xs),or^]. 

Now we can start using the formalism of kernels developed by Harvey-Lawson in [20J. For 
the reader's convenience we briefly recall it here. 
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Y 

fo / \ h 



Xi Xq 

where Xo,Xi,Y are oriented smooth manifolds, and /o,/i are smooth maps. Assume K is 
a /c-dimensional kernel for this roof, i.e. a /c-dimensional current in Y such that /o is proper 
over supp-fC. Then we obtain a hnear map 

K# : ^ Qk-n^iXo), K#a = {hU(.f» ^K). 

We have the following homotopy formula 

{dK)^a = K^{da) + [-l)'^dK^a, Va G (12.9) 

Indeed, 

K#{da) = ifo). ( dif^a) nK)^ (/o)* ( f^a ndK- {-irdifla n K) ) 

= {dK)#a - {-irdK#a. 
We can rewrite this in operator form 

{dK)# = K#od+{-l)'^doK#. (12.10) 
We apply this formalism to the roof 

M X M X M 

\^ , 7ri(t,xo,xi) = Xi, 1 = 0,1, 
M M 

and the currents 

[r^,] e s^™+i(M X M X M), [r^,], [ri^] e j^„(m x m x m). 

^0 



Clearly [r^], [Fj}^] and [r^j°°] are kernels for this roof, and 

Since M does not have boundary we deduce (9[r^^°°] = 0. We obtain operators 

[T%]#, [r--]#:0^-(M)^f]^_,(M), 

and 

[r^]# : n\M) ^ f]^+i_,-(M), 
satisfying for every a £ $7-^ (M) the equalities 

[r°M]#« - [rM°°]#« = inihdc. + {--^ydlTjjya, (12.11) 

and 

[r°M]s« = (-i)^'+^[r^r]#'^« = (-i)^''"'5[r^r]#«- (12.12) 

Observe that 

[r°j]#a = an [M,orM], 

and 

[r^r]#«= E (-l)'^""'^(a, [St^{xs),ori])[As,ors]. 

Se%,dim S=m-k 
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The equality ()12.12p shows that the maps 

are morphisms of chain complexes, while the equality p2.11|) shows that they are chain 
homotopic. The morphism [T^^Jjj is one-to-one, while the image of the morphism [T^^]^ is 
the simplicial complex {C^{X),6). We have obtained the following result. 

Theorem 12.11. The Stieffel flow associated to a tame triangulation of a compact, real an- 
alytic manifold without boundary determines a chain homotopy between the DeRham complex 
and the simplicial chain complex with real coefficients associated to that triangulation. □ 

Remark 12.12. In the above proof, the tameness assumption is needed only to guarantee 
that the flow $ is a finite volume flow on M. We can reach this conclusion under weaker 
assumptions. We know that the flow ^ on the geometric realization is tame, and thus 
has finite volume. If the homeomorphism A : \JC\ M happens to be bi-Lipschitz then the 
flow $ will also have finite volume. 

If M is only a smooth, then the triangulation procedure employed by H. Whitney in j^2| 
Chap. IV. B] produces triangulations with this property. In this case, for every t € M the 
map : M — > M is bi-Lipschitz because the conjugate map "^t ■ \^\ — is such. Then, 
for every smooth form a G Q^{M) the pullback <I>*a is defined almost everywhere and it is a 
form with L°°-coefficients. Moreover 

[Tij]#a = $i*an [M, otm]- 

The current [T^^] converges in the flat norm to [r^°°] as t — > — oo, and we deduce that 
n [M, otm] converges in the sense of currents to 

= E [St^{xs),orM )[As,ors]. 

Sex, dim S=m-k 

Intuitively, this means that as t ^ — oo the form begins to concentrate near the barycen- 
ters xs and in the normal planes to the face A^. □ 
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Appendix A. An "elementary" proof of the generalized Stokes formula 

In this appendix we want to present a proof of the Stokes formula (|12.2p which does not 
use the advanced results of geometric measure theory in [18\ I19j . We continue to use the 
notations in the proof of Theorem 112.41 

We begin by constructing a system of tubes (T/, tt/, p/e/) around the open faces Df{I) of 
D. As in the proof of [4, Prop. 7.1], for every G (0, f ) we can choose the tube system so 
that the following additional conditions are satisfied 

T/ n Tj / ^ / C J or J Cl, 
yyeDfnTinTj:\ l{Vpi{y),Vpj{y)) - | | < ^o- 

Define 

ei -.Ti ^ (0,^), ei{y) ■.= ei{Trj{y)), T := |J Tj, 

#I<m 

SO that T is an open neighborhood of bd{D). 

As in the proof of [U Prop. 7.1], we fix a definable function 



h : [0,oo] [0,1], h{t) 
and define ii,i : ^ [0, oo) by 



t t<l/3 
1 t>2/3 



eix) 



1 y^Ti #i<^ 



We will say that ^ is the boundary profile associated to the isolating system of tubes. As 
explained in the proof of [H Prop. 7.1] the profile i satisfying the following properties. 

(Pi) ri(o) = bd{D). 

(Ps) ^is onW \bd{D). 

(P3) For every open neighborhood [/ of D there exists e > such that /~^([0,e]) C U. 

(P4) There exists 5 > such that any t E (0, 5) is a regular value of I. 

(P5) If (xfc) G W^\bd{D) is a sequence which converges to a point x G Df{I), and if the line 

spanned by V£{xk) converges to a line Lqo, then the limit line is perpendicular 

to the tangent space TxDf{I). 
We have depicted in Figure [21] a tame 2-simplex, with a tube system and the associated 
boundary profile. 

For every r G (0, 1) and / C {0, . . . , m} we denote by T/(r) the closed tube 

Ti{r) := { y G T/; pi{y) < rei{y) }. 

We set 

7{r) := [j Ti{r), 7^{r) := [j Tj{r). 

#I<m #I<in 

Note that T°(r) is a neighborhood of the (m — 2)-dimensional skeleton of Dj. Moreover, if 



r < I then 



Ti{r) = {ei<r}. 

We can find a tame function r : (0, 1) (0, 1), r T{r) satisfying the following conditions. 
• r(r) is a regular value of t\£,f. 
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Figure 21. A tube system around the boundary of a tame simplex and its 
associated profile. 

• Dfn{£ = T(r)} C T(r). 
We set Sr := n {£ = r(r)}. Sr is a compact, tame oriented C'^-submanifold oi Dj of 
dimension (m — 1) which approaches hd[Df ) as r — > (see Figure [21] for a 2-dimensional 
rendition of Sr)- Sr has a natural orientation as boundary of 

Dr := Dr\{l>T{r)]. 

We will prove that 

Vr?Gf7^;-/(M"): lim / r? = f;(-l)'=(^, [Z?^, or^]). (A.l) 

Clearly, fO) imphes (fl^ . 

For every x € D^, we denote by the fiber of the projection 

This fiber is a C^-curve, and the map 

Cx (0, 1), y ^ Sa.(y) := — ^p(y) 

is a C^-diffeomorphism. We think of Sx as a parameter along Cx so that the restriction of i 
to can be regarded function of one variable s = Sr- 

Lemma A.l. There exists a definable function 5 i— > ri = ri{6), such that, for all x £ 
\ 7^(6), and all r < tq, the equation £{y) = r(r) has at exactly one solution y(r, 6) £ Cx- 
In other words, for any x E Dj, and any r < ri{6) the manifold Sr intersects the fiber Cx at 
a single point y{r, 6)- 

Proof- Let x G Z)J \ T«((^). Then, along Cx we can use the parameter s = Sx, and we can 
think of the restriction of £ to Cx as a C^ function of a single variable s. Then 

Observe that 

^h\c. = s, iis) = e\cAs) = su{s), uis) ■-= n ihlcAs)- 
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There exists a constant u = v{6) > 1, independent of x G DH \ T^{5), such that 



u{s) > ^, (A.2a) 

\u'{s)\ <v, Vs G (0,1). (A.2b) 
To find one solution of the equation su{s) = T{r) we regard it as a fixed point problem 

u{s) 

Observe that n(0) > so it suffices to have g{s) < 1, i.e., 

r(r) < u(s), Vs S [0,1]. 

Using (jA.2aP we deduce that if 

1 

rfr < 



then we have at least one solution. In fact any, solution a of this equation must satisfy the 
inequality 

< cr < u{6)T{r) 

To prove the uniqueness, it suffices show that the derivative of s i— > su{s) is positive in the 
interval 

< s < min{ 1, i^(5)T(r) } . 

We have 

£' (s) = u{s) + su' (s) > u{s) — > i^^r(r). 

Hence, if r(r) < u^^, we also have uniqueness. Moreover, the unique solution satisfies 

s < min{ (5, i/((5)r(r)}, 

i.e., 

y{r,S)GTj^{S). (A.3) 
By definable selection, we can find a definable function ri{5) such that for all r < ri{S) we 
have r(r) < □ 

Set 

D'}{d)=D'}\'J^{S), S^{5) = {y€Tj^nD; n,^{y) € D'}{6)} . 

Sr{5)=Sr\\JS^{6). 

k 

Let y £ Sr- For every oriented, orthonormal frame / = (/i, . . . , /m-i) olTySr we get a scalar 

vifiV) = Vy{fi,---Jm-i)- 

This scalar is independent of the frame /, and thus defines a C'^-function rjr on Sr- Moreover, 
there exists Ci > such that 

\Vr{y)\<Ci, Vr, yyes^. 
Denote by !K™'~^ the (m — l)-dimensional Hausdorff measure. We have 

V= I r,k{y)dK'^-\y). 
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In particular 
For r < ri{5) we have 



Hence 



< 



JSr{S) 

I ^l+fllf ^-(-1)'/ ^l+El/ 



k=0 " 



D)(5) 



Ti{r,S) T2(r,<5) 

We will prove the following things. 



Lemma A. 2. There exists a function e ^ ^li^) such that if 5 < Si{e) and r < ri{6) then 



Lemma A. 3. There exists a function e then 

e 



Lemma A. 4. There exists a function (e,(5) ^ 1^2(6, e) such that if r < r2{S,e) we have 

T2{r,6)<'-. 



Assuming the above results, the equality (jA.ip is proved as follows. Fix e > 0. Choose 
5 < min{(5i(e), (52(e)}. Then, if r < min{ri((5), r2((5, e)} we have 

Ti{r,6)+T2{r,6)+T3{6) <e. 

Using (lA3ll we deduce that if r < ri(6) then 

Sr{d) C S^n 0^(2(5). 

Lemma lA.21 and Lemma lA.31 are both consequences of the following result. 

Lemma A. 5. Suppose X is a tame -manifold of dimension (m — 1). Then 

iimj{'"-i(xna^(;i)) =o. 

Proof. Denote by Graff '"^'^ the Grassmannian of affine planes in M" of codimension (m— 1). 
Denote by fim-i and invariant measure on Graff™'"^, and set 

Xf, := cl{Xn7°{h)). 

Then, from Crofton formula (see [Hill]) we deduce 



^K'^'-^xnT^ih)) =:K"'-\Xn) = [ 

Jc 



x{LnXn)dfi„^^i{L). 



Graff" 
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The function 

(0, 1) X GrafF"'-^ 9 {h, L) ^ x{L n Xn) 
is definable and thus its range is finite. From dominated convergence theorem we deduce 

Km •K^-\Xn) = I hm x{L n X^) 

Suppose L G Graff™" ^ is such that 

XoiL) := lim xiL H Xn) + 0. 

Then the definable set L n X^ is nonempty for all % sufficiently small. In particular, we can 
find a definable function 

h Xn, & L n Xn 

defined in a neighborhood of 0. Then the limit xq = lim^^^o exists and it is a point in the 
intersection of L with the (m — 2)-skeleton of D. We denote this skeleton by Thus 

The function 

Graff™- 1 3 L^Xo{L)€Z 
is definable and thus bounded. Hence 



IXo 



(L)|d^^_i(L) <C/i„_i({LG Graff™-!; n i?^™-^) / 0} ) 



By Sard's theorem, the definable set 

{LEGraff™-^ L n D^™-^) = 0} 

is densfflin Graff™" ^ 

Hence, if d = d{m,n) denotes the dimension of Graff™"!, ^j-^g,^ 

dim{L G Graff™"!; ^ ^ ^ 0} < ^_ 

Up to a multiplicative constant c > we have 

Hfji—i — c!}^ , 

from which we deduce 

{L G Graff™"!; ^ ^ _^ 0| ^ ^ |^ ^ Graff™"!; ^ ^ _^ 0|) ^ g. 

This completes the proof of Lemma IA.51 □ 

Lemma [A.3l is clearly a special case of Lemma [A. 51 To see that Lemma [A. 21 is also a special 
case of Lemma lA. 51 observe that for every h> there exists 5i{H) such that if 5 < 6i{h) and 
r < ri{5) then Sr{5) CJ^ih). 

Proof of Lemma IA.4i Fix 6 < ^. We have to prove that for every k = 0, . . . , m} we have 



lim / r] = ( — 1) / r]. 
By Lemma lA.l^ for r < ri(6), the projection vr/^ induces a homeomorphism 



typical codimension (m — 1) afEne plane will not intersect a manifold of dimension < (m — 2), and 
Dt'"-^' is a finite union of such manifolds, Df{I), < m — 1. 
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For simplicity we write y = 7r/j.(y). We want to prove that 

lim sup dist{TyS^{6),TyD''f{6)) =0. (A.4) 

We argue by contradiction. We can therefore find a constant c > and definable map 
r yr G Sr{6) such that 

dist{Ty^S'^{6),Ty^D'}{6) ) > c, Vr < r^6). (A.5) 

Both limits limj.^o Ur and lim.f.^o yf exist and they coincide with a point yo € cl{Dj{6)) C D^. 
From the Whitney regularity condition (a) and the property (P5) of the boundary profile i 
we deduce 

hmTy^S^if) = Ty,D'}. 

Clearly 

]imTy^D'}{S)=Ty,D'}. 

This contradicts (jA.SP and completes the proof of (|A.4p . 
The equality ()A.4p show that the map 

Si:{5)By^yGD>}{5) 

is a C^-diffeomorphism for r sufficiently small, and changes the orientation by a factor of 
(— 1)'^. For every y G D^{S) we denote by r/(y) the pairing between r/ and oriented orthonormal 

frame of TyD^. 

Using the change in variables formula we can write 

where r/r(y) is the pullback of the function '>]r\sk{5) to Dj{6), and Jr{y) is the Jacobian of the 
change in variables. The equality ()A.4p and the continuity of the form rj imply that 

lim Jr(y) = 1 and lim r]r{y) = r]{y) 

1 — >0 r^O 

uniformly on Dj{6). This completes the proof of Lemma lA.41 and of Theorem I12.4[ □ 

Appendix B. On the topology of tame sets 

We would like to include a few topological facts concerning tame sets. These are not 
needed in the main body of the paper, yet they may shed some light on the subtleties of tame 
topology. 

As we mentioned in Section [H any compact tame set S can be triangulated, i.e., there 
exists an affine finite simplicial complex, and a tame homeomorphism ip : K ^ S. 
Clearly, ii ipi : Ki ^ S , i = 0, 1, are two tame triangulations, then the map 

ipi o 1 : Ko^ Ki 

is a tame homeomorphism. It turns out that the existence of a tame homeomorphism between 
two compact PL spaces imposes a severe restriction on these spaces. More precisely, M. 
Shiota has proved (see [35^ Chap. IV]) the tame Haupvermutung, namely that two compact 
PL spaces are PL-homeomorphic if and only if they are tamely homeomorphic. Given this 
result, we can define the link of a point in a compact tame space to be its PL link as defined 
e.g. in [331 Chap. 2]. 



TAME FLOWS 



103 



To appreciate the strength of this result, consider the classical example of Cannon-Edwards 
[5l|26], the double suspension of a non-simply connected homology 3-sphere, say the Poincare 
sphere S(2,3,5). This is a simplicial complex K which is homeomorphic, but not PL- 
equivalent to the 5-sphere, equipped with the triangulation as boundary of a 6-simplex. The 
Shiota Hauptvermutung implies that X and are not tamely homeomorphic. In particular, 
there cannot exist a semi-algebraic homeomorphism from the round 5-sphere to X. 

In the above paragraphs, we have defined the link of a point in a compact tame space 
indirectly, via triangulations and the tame Hauptvermutung. We can attempt a more intrinsic 
approach, namely given a point pQ in a compact tame set X, and a tame continuous function 
w : X ^ [0, oo), such that w~^{0) = {po}, we can define the link of po as the level set {w = e}, 
where e > is sufficiently small. The homeomorphism type of this set is independent of e > 0, 
but at this point, we do not know how to eliminate the dependence on e > 0. 

To understand the subtleties of this question consider a closely related problem. 

Suppose w : MP [0, oo) is a tame continuous function such that w~^{0) = {0}. Then 
there exists vq > such that for every x £W^, \x\ = 1, the function 

[0,ro] Bth^ w{tx) 

is strictly decreasing, i.e., in a neighborhood of the function w is a Lyapunov function for 
the radial flow. 

If ^/; is a C^-function, then this fact follows from the non-depravedness arguments in [15\ 
Sec. 2.4]. When w is merely continuous (and tame), this seems to be a rather slippery 
problem. 

Let us observe that if $ is a gradient-like tame flow on the compact tame space, xq is a 
n isolated stationary point of $ and u,v : X ^ M. are two Lyapunov functions such that 
n(0) = v{0) = 0,, then unstable links 

L-{xo) = W-{xo) n{u = -e}, L~{xo) = W-{xo) n{v = -e}, 

are tamely homeomorphic for e sufficiently small. In other words, the tame homeomorphism 
type of the unstable link, is a dynamical invariant of the stationary point. 
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